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A novel, enhanced two-point block backward differentiation formula 
has been devised for solving stiff initial value problems of ordinary 
differential equations, boasting superior stability properties, including 
zero-stability and near A-stability. Comparative analysis reveals its 
exceptional accuracy and efficiency, outperforming some existing 
methods, thereby positioning it as a viable alternative solver for 
addressing stiff initial value problems. 
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1. Introduction 
Ordinary differential equations (ODEs) are widely used to model various real-world physical phenomena, 
including those in engineering sciences, physics, biology, and chemistry.  These equations describe the behavior 
of systems that change over time or space, and their solutions provide valuable insights into the underlying 
dynamics of the systems.  In particular, initial value problems (IVPs) involving ODEs are commonly used to 
model a wide range of phenomena.  An IVP involving an ODE is typically formulated as: 
 

𝑦𝑦′ = 𝑓𝑓(𝑥𝑥,𝑦𝑦),  𝑦𝑦(𝑥𝑥0) = 𝑦𝑦0,  𝑎𝑎 ≤ 𝑥𝑥 ≤ 𝑏𝑏                 (1) 
 
where 𝑦𝑦′ represents the derivative of 𝑦𝑦 with respect to 𝑥𝑥, 𝑓𝑓(𝑥𝑥, 𝑦𝑦) is a given function, 𝑥𝑥0 is the initial point, and 𝑦𝑦0 
is the initial condition. The solution to this IVP provides the behavior of the system over time or space. 
Stiff initial value problems (IVPs) are specific types of ODEs that are characterized by the presence of both fast 
and slow components in their solutions.  This is supported by [1],[2],[3],[4],[5],[6],[7], and [8]. 

The presence of both fast and slow components in stiff IVPs makes them challenging to solve 
numerically. Traditional numerical methods, such as explicit Euler or Runge-Kutta methods can be inefficient or 
inaccurate when applied to stiff problems. These methods often require small time steps to capture the fast 
components, which can lead to computational inefficiency or instability. 

To overcome these challenges, specialized numerical methods have been developed for solving stiff 
IVPs. These methods include implicit Euler or Runge-Kutta methods, Back ward Differentiation Formula (BDF), 
Rosenbrock methods, and exponential integrators, among others. These methods are designed to efficiently 
capture the slow components of the solution while accurately resolving the fast components. 

Recent studies have focused on developing efficient and accurate numerical methods for solving stiff 
IVPs. These studies have explored various approaches, including the development of new numerical methods, 
the improvement of existing methods, and the application of stiff IVP solvers to real-world problems. 
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Consider the Super class of Block Backward Differentiation Formula (SBBDF) for solving stiff initial value 
problems [9]: 
 

∑ 𝛼𝛼𝑗𝑗,𝑖𝑖
3
𝑗𝑗=0 𝑦𝑦𝑛𝑛+𝑗𝑗−1 =  ℎ𝛽𝛽𝑘𝑘,𝑖𝑖(𝑓𝑓𝑛𝑛+𝑘𝑘 −  𝜌𝜌𝜌𝜌𝑛𝑛+𝑘𝑘−2), 𝑘𝑘 = 𝑖𝑖 = 1, 2                   (2) 

 
where, 𝑘𝑘 = 𝑖𝑖 = 1 represents the formula for the first point and 𝑘𝑘 = 𝑖𝑖 = 2 corresponds to the formula for the 
second point. This paper introduces a compelling and efficient concept to enhance the extended version of (2), 
resulting in the development of almost A-stable block method capable of addressing stiff IVPs. The method takes 
the following form: 
 

∑ 𝛼𝛼𝑗𝑗,𝑖𝑖
4
𝑗𝑗=0 𝑦𝑦𝑛𝑛+𝑗𝑗−2 =  ℎ𝛽𝛽𝑘𝑘,𝑖𝑖(𝑓𝑓𝑛𝑛+𝑘𝑘 − 𝜌𝜌𝜌𝜌𝑛𝑛+𝑘𝑘−2), 𝑘𝑘 = 𝑖𝑖 = 1, 2                   (3) 

 
The formula (3) computes two solution values per step concurrently in block. To maintain good stability 
property of the method, the parameter 𝜌𝜌 is restricted to a value in the interval (-1,1) as in [9]. The aim of this 
paper is to develop a higher order 2-point implicit block method with better stability and convergence 
properties when compared with existing 1-point BDF and conventional 2-point BBDF methods found in the 
literature.  

2. Mathematical Formulation of the Method 
The formula (3) is derived through Taylor’s series expansion about any point 𝑥𝑥𝑛𝑛 by the help of the following 
definition of a linear difference operator associated with (3). 
Definition 1: The general linear operator, 𝐿𝐿𝑖𝑖  associated with (3) is defined as:  
 

𝐿𝐿𝑖𝑖[𝑦𝑦(𝑥𝑥𝑛𝑛),ℎ]:𝛼𝛼0,𝑖𝑖𝑦𝑦𝑛𝑛−2 + 𝛼𝛼1,𝑖𝑖𝑦𝑦𝑛𝑛−1 + 𝛼𝛼2,𝑖𝑖𝑦𝑦𝑛𝑛 + 𝛼𝛼3,𝑖𝑖𝑦𝑦𝑛𝑛+1 + 𝛼𝛼4,𝑖𝑖𝑦𝑦𝑛𝑛+2 − ℎ𝛽𝛽𝑘𝑘,𝑖𝑖(𝑓𝑓𝑛𝑛+𝑘𝑘 − 𝜌𝜌𝑓𝑓𝑛𝑛+𝑘𝑘−2) 
= 0,𝑘𝑘 = 𝑖𝑖 = 1,2                        (4) 
 

To derive the coefficients of the first point, we let 𝑘𝑘 = 𝑖𝑖 = 1 and the linear difference operator in (4) becomes:  
 

𝐿𝐿1[𝑦𝑦(𝑥𝑥𝑛𝑛),ℎ] =  α0,1𝑦𝑦(𝑥𝑥𝑛𝑛 − 2ℎ) + α1,1𝑦𝑦(𝑥𝑥𝑛𝑛 − ℎ) + α2,1𝑦𝑦(𝑥𝑥𝑛𝑛) + α3,1𝑦𝑦(𝑥𝑥𝑛𝑛 + ℎ) 
+α4,1𝑦𝑦(𝑥𝑥𝑛𝑛 + 2ℎ) − ℎ𝛽𝛽1,1�𝑓𝑓(𝑥𝑥𝑛𝑛 + ℎ) − 𝜌𝜌𝜌𝜌(𝑥𝑥𝑛𝑛 − ℎ)� = 0                       (5) 
 
Expanding (5) using Taylor series about 𝑥𝑥𝑛𝑛 and collecting like terms gives:  
 

𝐶𝐶0,1𝑦𝑦(𝑥𝑥𝑛𝑛) + 𝐶𝐶1,1ℎ𝑦𝑦′(𝑥𝑥𝑛𝑛) + 𝐶𝐶2,1ℎ2𝑦𝑦′′(𝑥𝑥𝑛𝑛) + 𝐶𝐶3,1ℎ3𝑦𝑦′′′(𝑥𝑥𝑛𝑛) +⋯ = 0                 (6) 
where 

𝐶𝐶0,1 =  α0,1 + α1,1 + α2,1 + α3,1 + α4,1 = 0
𝐶𝐶1,1 =  −2α0,1 − α1,1 +  α3,1 + 2α4,1 − 𝛽𝛽1,1(1− 𝜌𝜌) = 0
𝐶𝐶2,1 = 2α0,1 + 1

2
α1,1 + 1

2
α3,1 + 2α4,1 − 𝛽𝛽1,1(1 + 𝜌𝜌) = 0

𝐶𝐶3,1 = −4
3
α0,1 −

1
6
α1,1 +  1

6
α3,1 + 4

3
α4,1 − 𝛽𝛽1,1 �

1
2
− 𝜌𝜌

2
� = 0

𝐶𝐶4,1 = 2
3
α0,1 + 1

24
α1,1 + 1

24
α3,1 + 2

3
α4,1 − 𝛽𝛽1,1 �

1
6

+  𝜌𝜌
6
� = 0⎭

⎪⎪
⎬

⎪⎪
⎫

                 (7) 

 
Equation (7) is solved simultaneously in Maple software environment and by normalizing the coefficient of 𝑦𝑦𝑛𝑛+1 
to one, we obtain the following coefficient of the first point as given in the table below: 
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Table 1 Coefficient of the first point 

𝛼𝛼0,1 𝛼𝛼1,1 𝛼𝛼2,1 𝛼𝛼3,1 𝛼𝛼4,1 𝛽𝛽1,1 

−(1 − 3𝜌𝜌)
2(5 + 3𝜌𝜌)

 
−(−3− 5𝜌𝜌)

5 + 3𝜌𝜌
 

−9(1 + 𝜌𝜌)
5 + 3𝜌𝜌

 1 −(−3 + 𝜌𝜌)
2(5 + 3𝜌𝜌)

 
6

5 + 3𝜌𝜌
 

 

Putting these values of 𝛼𝛼𝑗𝑗,𝑖𝑖  and 𝛽𝛽𝑘𝑘,𝑖𝑖  in equation (5), the first point is therefore obtained as:  

𝑦𝑦𝑛𝑛+1 = (1−3𝜌𝜌)
2(5+3𝜌𝜌)

𝑦𝑦𝑛𝑛−2 + (−3−5𝜌𝜌)
5+3𝜌𝜌

𝑦𝑦𝑛𝑛−1 + 9(1+𝜌𝜌)
5+3𝜌𝜌

𝑦𝑦𝑛𝑛 + (−3+𝜌𝜌)
2(5+3𝜌𝜌)

𝑦𝑦𝑛𝑛+2 + 6ℎ
5+3𝜌𝜌

𝑓𝑓𝑛𝑛+1 −
6𝜌𝜌ℎ
5+3𝜌𝜌

𝑓𝑓𝑛𝑛−1(8) 

 
Now, the same procedure is applied in the derivation of the second point to obtain: 
 

𝑦𝑦𝑛𝑛+2 = (−3+𝜌𝜌)
25+𝜌𝜌

𝑦𝑦𝑛𝑛−2 + 8(2−𝜌𝜌)
25+𝜌𝜌

𝑦𝑦𝑛𝑛−1 −
36

25+𝜌𝜌
𝑦𝑦𝑛𝑛 + 8(6+𝜌𝜌)

25+𝜌𝜌
𝑦𝑦𝑛𝑛+1 + 12ℎ

25+𝜌𝜌
𝑓𝑓𝑛𝑛+2 −

12𝜌𝜌ℎ
25+𝜌𝜌

𝑓𝑓𝑛𝑛            (9) 

 
Therefore, by combining the formulae in (8) and (9), the required improved extended 2-point super class of 
block backward differentiation formula is thus: 
 

𝑦𝑦𝑛𝑛+1 = (1−3𝜌𝜌)
2(5+3𝜌𝜌) 𝑦𝑦𝑛𝑛−2 + (−3−5𝜌𝜌)

5+3𝜌𝜌
𝑦𝑦𝑛𝑛−1 + 9(1+𝜌𝜌)

5+3𝜌𝜌
𝑦𝑦𝑛𝑛 + (−3+𝜌𝜌)

2(5+3𝜌𝜌) 𝑦𝑦𝑛𝑛+2 + 6ℎ
5+3𝜌𝜌

𝑓𝑓𝑛𝑛+1 −
6𝜌𝜌ℎ
5+3𝜌𝜌

𝑓𝑓𝑛𝑛−1

𝑦𝑦𝑛𝑛+2 = (−3+𝜌𝜌)
25+𝜌𝜌

𝑦𝑦𝑛𝑛−2 + 8(2−𝜌𝜌)
25+𝜌𝜌

𝑦𝑦𝑛𝑛−1 −
36

25+𝜌𝜌
𝑦𝑦𝑛𝑛 + 8(6+𝜌𝜌)

25+𝜌𝜌
𝑦𝑦𝑛𝑛+1 + 12ℎ

25+𝜌𝜌
𝑓𝑓𝑛𝑛+2 −

12𝜌𝜌ℎ
25+𝜌𝜌

𝑓𝑓𝑛𝑛
�         (10) 

 
In this paper, we will denote the formulae (10) as IE2SBBDF. 
According to recent studies, selecting the free parameter 𝜌𝜌 within the range of (-1,1) is crucial for upholding the 
A-stability of numerical methods. This is supported by [10],[11],[12],[13],[14],[15],[16], and [17].  For 
demonstration purposes, we choose 𝜌𝜌 = −1

2
  in (10) to obtain: 

 

𝑦𝑦𝑛𝑛+1 =  5
14
𝑦𝑦𝑛𝑛−2 −

1
7
𝑦𝑦𝑛𝑛−1 + 9

7
𝑦𝑦𝑛𝑛 −

1
2
𝑦𝑦𝑛𝑛+2 + 12

7
ℎ𝑓𝑓𝑛𝑛+1 + 6

7
ℎ𝑓𝑓𝑛𝑛−1

𝑦𝑦𝑛𝑛+2 =  −1
7
𝑦𝑦𝑛𝑛−2 + 40

49
𝑦𝑦𝑛𝑛−1 −

72
49
𝑦𝑦𝑛𝑛 + 88

49
𝑦𝑦𝑛𝑛+1 + 24

49
ℎ𝑓𝑓𝑛𝑛+2 + 12

49
ℎ𝑓𝑓𝑛𝑛

�              (11) 

 
The order of the method (11) is computed using Maple application package and shown to be of order four with 
error constant which is given by: 
 

𝐸𝐸5 = �

9
70

− 26
245

� 

3. Stability of the Method 
The stability properties of the IE2SBBDF (11) are determined through application of the standard linear test 
problem: 
 

𝑦𝑦′ =  λy,   λ < 0,   𝜆𝜆  𝑖𝑖𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐                        (12) 
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Substitute (12) into (11) to obtain: 
 

𝑦𝑦𝑛𝑛+1 = 5
14
𝑦𝑦𝑛𝑛−2 −

1
7
𝑦𝑦𝑛𝑛−1 + 9

7
𝑦𝑦𝑛𝑛 −

1
2
𝑦𝑦𝑛𝑛+2 + 12

7
ℎ𝜆𝜆𝑦𝑦𝑛𝑛+1 + 6

7
ℎ𝜆𝜆𝑦𝑦𝑛𝑛−1

𝑦𝑦𝑛𝑛+2 = −1
7
𝑦𝑦𝑛𝑛−2 + 40

49
𝑦𝑦𝑛𝑛−1 −

72
49
𝑦𝑦𝑛𝑛 + 88

49
𝑦𝑦𝑛𝑛+1 + 24

49
ℎ𝜆𝜆𝑦𝑦𝑛𝑛+2 + 12

49
ℎ𝜆𝜆𝑦𝑦𝑛𝑛

�               (13) 

 
which is equivalent to: 
 

𝑦𝑦𝑛𝑛+1 −
12
7
ℎ𝜆𝜆𝑦𝑦𝑛𝑛+1 + 1

2
𝑦𝑦𝑛𝑛+2 = 5

14
𝑦𝑦𝑛𝑛−2 −

1
7
𝑦𝑦𝑛𝑛−1 + 9

7
𝑦𝑦𝑛𝑛 + 6

7
ℎ𝜆𝜆𝑦𝑦𝑛𝑛−1

− 88
49
𝑦𝑦𝑛𝑛+1 + 𝑦𝑦𝑛𝑛+2 −

24
49
ℎ𝜆𝜆𝑦𝑦𝑛𝑛+2 = −1

7
𝑦𝑦𝑛𝑛−2 + 40

49
𝑦𝑦𝑛𝑛−1 −

72
49
𝑦𝑦𝑛𝑛 + 12

49
ℎ𝜆𝜆𝑦𝑦𝑛𝑛

�                             (14) 

 
The matrix representation of (14) is given by:  
 

�
(1 − 12

7
ℎ𝜆𝜆) 1

2

− 88
49

(1 − 24
49
ℎ𝜆𝜆)

��𝑦𝑦𝑛𝑛+1𝑦𝑦𝑛𝑛+2
� = �

(−1
7

+ 6
7
ℎ𝜆𝜆) 9

7
40
49

(−72
49

+ 12
49
ℎ𝜆𝜆)

��𝑦𝑦𝑛𝑛−1𝑦𝑦𝑛𝑛
� + �

0 5
14

0 −1
7

� �𝑦𝑦𝑛𝑛−3𝑦𝑦𝑛𝑛−2
�        (15) 

 
Putting ℎ� = ℎ𝜆𝜆 in (15) gives 
 

�
(1 − 12

7
ℎ�) 1

2

− 88
49

(1− 24
49
ℎ�)
��𝑦𝑦𝑛𝑛+1𝑦𝑦𝑛𝑛+2

� = �
(−1

7
+ 6

7
ℎ�) 9

7
40
49

(−72
49

+ 12
49
ℎ�)
��𝑦𝑦𝑛𝑛−1𝑦𝑦𝑛𝑛

� + �
0 5

14

0 −1
7

� �𝑦𝑦𝑛𝑛−3𝑦𝑦𝑛𝑛−2
�  (16) 

 
Equation (16) is equivalent to 
 

𝐴𝐴𝑌𝑌𝑚𝑚 = 𝐵𝐵𝑌𝑌𝑚𝑚−1 + 𝐶𝐶𝑌𝑌𝑚𝑚−2,   𝑛𝑛 = 2𝑚𝑚                                                                   (17) 
 

Where 𝐴𝐴 = �
(1 − 12

7
ℎ�) 1

2

− 88
49

(1− 24
49
ℎ�)
�, 𝐵𝐵 = �

(−1
7

+ 6
7
ℎ�) 9

7
40
49

(−72
49

+ 12
49
ℎ�)
�, 𝐶𝐶 = �

0 5
14

0 −1
7

�,  

𝑌𝑌𝑚𝑚 = �
𝑦𝑦𝑛𝑛+1
𝑦𝑦𝑛𝑛+2

� = �
𝑦𝑦2𝑚𝑚+1

𝑦𝑦2𝑚𝑚+2
�, 

𝑌𝑌𝑚𝑚−1 = �
𝑦𝑦𝑛𝑛−1
𝑦𝑦𝑛𝑛

� = �
𝑦𝑦2𝑚𝑚−1

𝑦𝑦2𝑚𝑚
� = �

𝑦𝑦2(𝑚𝑚−1)+1

𝑦𝑦2(𝑚𝑚−1)+2
�, 

𝑌𝑌𝑚𝑚−2 = �
𝑦𝑦𝑛𝑛−3
𝑦𝑦𝑛𝑛−2

� = 𝑌𝑌𝑚𝑚−2 = �
𝑦𝑦2𝑚𝑚−3

𝑦𝑦2𝑚𝑚−2
� = �

𝑦𝑦2(𝑚𝑚−1)−1

𝑦𝑦2(𝑚𝑚−1)
�, 

 
To obtain the stability polynomial of the method, the following equation is computed: 
 

det(𝐴𝐴𝑡𝑡2 + 𝐵𝐵𝐵𝐵 + 𝐶𝐶) = 0                  (18) 
 
where det refers to the determinant. 
 
Equation (18) is equivalent to the following stability polynomial of the method: 
 

𝑅𝑅�𝑡𝑡,ℎ�� = 93
49
𝑡𝑡4 − 108

49
𝑡𝑡4ℎ� − 99

343
𝑡𝑡3 − 1266

343
𝑡𝑡3ℎ� − 459

343
𝑡𝑡2 + 288

343
𝑡𝑡4ℎ�2 + 288

343
𝑡𝑡3ℎ�2 − 528

343
𝑡𝑡2ℎ� − 93

343
𝑡𝑡 + 72

343
𝑡𝑡2ℎ�2  

− 6
49
𝑡𝑡ℎ� = 0                          (19) 
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Setting ℎ� = 𝜆𝜆ℎ = 0  in (19), we have 
 

93
49
𝑡𝑡4 − 99

343
𝑡𝑡3 − 459

343
𝑡𝑡2 − 93

343
𝑡𝑡 = 0                    (20) 

 
Solving (20) for t, we obtain 
 

𝑡𝑡 = 0, 𝑡𝑡 = 1, 𝑡𝑡 = −0.6160245712 , 𝑡𝑡 = −0.2319016960 
 
Definition 2 (Zero stability): The method (11) is considered as zero stable when all roots of the first 
characteristic polynomial have a modulus less than or equal to one, and any root with a modulus of one is simple 
[18]. Therefore, based on this definition, the method (11) is deemed zero stable. 
Definition 3 (A-stability): A numerical method is said to be A-stable if its absolute stability region covers the 
entire left-hand of the complex plane [19]. 
Definition 4 (Almost A-stability): A method is termed almost A-stable if its stability region encompasses almost 
the whole of the left-hand complex plane [19]. 
The stability polynomial (19) of the method (11) is shown in the following figure: 

 
Fig. 1 The stability region of the 21ESBBDF method 

 
The graph of the stability polynomial (19) depicted in Fig. 1 indicates that the stability region spans nearly the 
entire negative left-hand plane. This suggests that the method is almost A-stable and suitable for addressing stiff 
IVPs. 
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4. Implementation of the Method 
The method incorporates Newton’s iteration in its implementation, and the iteration details are provided below, 
starting with the definition of the error. 
 
Definition 5: Let𝑦𝑦𝑖𝑖 and 𝑦𝑦(𝑥𝑥𝑖𝑖) be the approximate and exact solutions of (1) respectively. Then the absolute error 
is given by: 
 

(𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖)𝑡𝑡 = �(𝑦𝑦𝑖𝑖)𝑡𝑡 − �𝑦𝑦(𝑥𝑥𝑖𝑖)�𝑡𝑡�                                (21) 

 
The maximum error is given by: 
 

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 = 𝑚𝑚𝑚𝑚𝑚𝑚�
1≤𝑖𝑖≤𝑇𝑇

(𝑚𝑚𝑚𝑚𝑚𝑚�
1≤𝑖𝑖≤𝑇𝑇

(𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖)𝑡𝑡)                 (22) 

 
where T is the total number of steps and N is the number of equations. 
 
Define 
 

    𝐹𝐹1 = 𝑦𝑦𝑛𝑛+1 + 1
2
𝑦𝑦𝑛𝑛+2 −

12
7
ℎ𝑓𝑓𝑛𝑛+1 −

6
7
ℎ𝑓𝑓𝑛𝑛−1 − 𝜉𝜉1

𝐹𝐹2 = 𝑦𝑦𝑛𝑛+2 −
88
49
𝑦𝑦𝑛𝑛+1 −

24
49
ℎ𝑓𝑓𝑛𝑛+2 −

12
49
ℎ𝑓𝑓𝑛𝑛 − 𝜉𝜉2

�                       (23) 

 
where:  
 

𝜉𝜉1 = 5
14
𝑦𝑦𝑛𝑛−2 −

1
7
𝑦𝑦𝑛𝑛−1 + 9

7
𝑦𝑦𝑛𝑛

𝜉𝜉2 = −1
7
𝑦𝑦𝑛𝑛−2 + 40

49
𝑦𝑦𝑛𝑛−1 −

72
49
𝑦𝑦𝑛𝑛
�                        (24) 

 
Let 𝑦𝑦𝑛𝑛+𝑗𝑗

(𝑖𝑖+1) denote the (𝑖𝑖 + 1)𝑡𝑡ℎ iteration and 
 

𝑒𝑒𝑛𝑛+𝑗𝑗
(𝑖𝑖+1) = 𝑦𝑦𝑛𝑛+𝑗𝑗

(𝑖𝑖+1) − 𝑒𝑒𝑛𝑛+𝑗𝑗
(𝑖𝑖)  ,   𝑗𝑗 = 1,2                                (25) 

 
The Newton’s iteration for the IE2SBBDF takes the form 
 

𝑦𝑦𝑛𝑛+𝑗𝑗
(𝑖𝑖+1) − 𝑦𝑦𝑛𝑛+𝑗𝑗

(𝑖𝑖) = −�𝐹𝐹𝑗𝑗
, �𝑦𝑦𝑛𝑛+𝑗𝑗

(𝑖𝑖) ��
−1
�𝐹𝐹𝑗𝑗 �𝑦𝑦𝑛𝑛+𝑗𝑗

(𝑖𝑖) �� , 𝑗𝑗 = 1,2                   (26) 

 
which can be rewritten in the form: 
 

�𝐹𝐹𝑗𝑗
, �𝑦𝑦𝑛𝑛+𝑗𝑗

(𝑖𝑖) �� 𝑒𝑒𝑛𝑛+𝑗𝑗
(𝑖𝑖+1) = −�𝐹𝐹𝑗𝑗 �𝑦𝑦𝑛𝑛+𝑗𝑗

(𝑖𝑖) ��                 (27) 

 
and in matrix form, equation (27) is equivalent to 
 

�
1 − 12

7
ℎ 𝛿𝛿𝑓𝑓𝑛𝑛+1
𝛿𝛿𝑦𝑦𝑛𝑛+1

1
2

− 88
49

1− 24
49
ℎ 𝛿𝛿𝑓𝑓𝑛𝑛+2
𝛿𝛿𝑦𝑦𝑛𝑛+2

��
𝑒𝑒𝑛𝑛+1

(𝑖𝑖+1)

𝑒𝑒𝑛𝑛+2
(𝑖𝑖+1)� = �

−1 −1
2

88
49

−1
��

𝑦𝑦𝑛𝑛+1
(𝑖𝑖)

𝑦𝑦𝑛𝑛+2
(𝑖𝑖) � + ℎ�

6
7

0

0 12
49

��
𝑓𝑓𝑛𝑛−1

(𝑖𝑖)

𝑓𝑓𝑛𝑛
(𝑖𝑖) � +

ℎ�
12
7

0

0 24
49

��
𝑓𝑓𝑛𝑛+1

(𝑖𝑖)

𝑓𝑓𝑛𝑛+2
(𝑖𝑖) � + �𝜉𝜉1𝜉𝜉2�                                                                 (28) 
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Equation (28) is implemented using C programming language to get the desired numerical results. 

5. Test Problems and Numerical Results 
The following stiff problems are considered: 
Problem 1: 

𝑦𝑦1′ = −1002𝑦𝑦1 + 1000𝑦𝑦22,      𝑦𝑦1(0) = 1,    0 ≤ 𝑥𝑥 ≤ 20, 
𝑦𝑦2′ = 𝑦𝑦1 − 𝑦𝑦2(1 + 𝑦𝑦2),             𝑦𝑦2(0) = 1. 

Exact Solution:   
     𝑦𝑦1(𝑥𝑥) = 𝑒𝑒−2𝑥𝑥, 

𝑦𝑦2(𝑥𝑥) = 𝑒𝑒−𝑥𝑥  
Eigenvalues: -1 and -1002 
Source: [13] 
Problem 2: 

𝑦𝑦1′ = −100𝑦𝑦1 + 9.901𝑦𝑦2,   𝑦𝑦1(0) = 1,         0 ≤ 𝑥𝑥 ≤ 10, 
𝑦𝑦2′ = 0.1𝑦𝑦1 − 𝑦𝑦2,                   𝑦𝑦2(0) = 10. 

Exact Solution: 
𝑦𝑦1(𝑥𝑥) = 𝑒𝑒−0.99𝑥𝑥  

                𝑦𝑦2(𝑥𝑥) = 10𝑒𝑒−0.99𝑥𝑥  
Eigenvalues: -0.99 and -100.01 
Source: [20] 
Problem 3: 

 𝑦𝑦1′ = −𝑦𝑦1 + 95𝑦𝑦2,      𝑦𝑦1(0) = 1,       0 ≤ 𝑥𝑥 ≤ 10. 
𝑦𝑦2′ = −𝑦𝑦1 − 97𝑦𝑦2,       𝑦𝑦2(0) = 1. 

Exact Solution: 

𝑦𝑦1(𝑥𝑥) = 1
47

(95𝑒𝑒−2𝑥𝑥 − 48𝑒𝑒−96𝑥𝑥)  

𝑦𝑦2(𝑥𝑥) =
1

47
(48𝑒𝑒−96𝑥𝑥 − 𝑒𝑒−2𝑥𝑥) 

Eigenvalues: -2 and -96 
Source: [21] 
The problems were solved by the application of the developed method, the 1-point BDF and the 2-point BBDF 
with various step sizes (h).  The following tables present details on the maximum error and computation time 
for each problem and the notations used in the tables are as follows: 
h=step size; 
1 BDF = 1-point BDF method; 
2BBDF=2-point BBDF method; 
IE2SBBDF= Improved extended 2-point super class of BBDF method; 
NS=Total number of integration steps; 
MAXE=Maximum Error; 
Time=Computation time. 
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Table 2 Numerical results for problem 1 
H METHOD NS MAXE TIME 

10−2 1BDF 
2BBDF 

IE2SBBDF 

2000 
1000 
1000 

1.29417E+165 
7.71189E+155 
5.80696E-003 

1.56500E-001 
1.71600E-001 
1.99900E-001 

10−3 
 
 

1BDF 
2BBDF 

IE2SBBDF 

20000 
10000 
10000 

3.67821E-004 
2.52592E+005 
1.08522E-004 

2.30400E-001 
1.60100E-001 
1.36900E-001 

10−4 1BDF 
2BBDF 

IE2SBBDF 

200000 
100000 
100000 

3.69038E-005 
7.37885E-005 
1.09262E-005 

3.67400E-001 
2.80700E-001 
5.07100E-001 

10−5 
 

1BDF 
2BBDF 

IE2SBBDF 

2000000 
1000000 
1000000 

3.69177E-006 
7.38334E-006 
1.09377E-006 

1.211OOE+000 
1.19100E+000 
2.90000E+000 

10−6 1BDF 
2BBDF 

IE2SBBDF 

20000000 
10000000 
10000000 

3.69220E-007 
7.38360E-007 
1.09400E-007 

9.76800E+000 
9.45700E+000 
2.71400E+001 

 
 

Table 3 Numerical results for problem 2 
H METHOD NS MAXE TIME 

10−2 1BDF 
2BBDF 

IE2SBBDF 

1000 
500 
500 

3.59051E-002 
7.11312E-002 
1.02046E-002 

2.52275E-003 
2.81342E-003 
3.21200E-002 

10−3 
 
 

1BDF 
2BBDF 

IE2SBBDF 

10000 
5000 
5000 

3.63689E-003 
7.26689E-003 
1.07309E-003 

2.43456E-002 
2.74121E-002 
5.04900E-002 

10−4 1BDF 
2BBDF 

IE2SBBDF 

100000 
50000 
50000 

3.64150E-004 
7.28230E-004 
1.07851E-004 

2.41299E-001 
2.72916E-001 
1.69600E-001 

10−5 1BDF 
2BBDF 

IE2SBBDF 

1000000 
500000 
500000 

3.64196E-005 
7.28384E-005 
1.07905E-005 

2.39406E+000 
2.72181E+000 
1.43300E+000 

10−6 1BDF 
2BBDF 

IE2SBBDF 

10000000 
5000000 
5000000 

3.64219E-006 
7.28384E-006 
1.07917E-006 

2.39058E+001 
2.72745E+001 
1.32800E+001 
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Table 4 Numerical results for problem 3 
H METHOD NS MAXE TIME 

10−2 1BDF 
2BBDF 

IE2SBBDF 

1000 
500 
500 

2.22166E-002 
3.62349E+001 
1.70437E-002 

4.03375E-003 
4.36325E-003 
2.99700E-002 

10−3 
 
 

1BDF 
2BBDF 

IE2SBBDF 

10000 
5000 
5000 

3.08027E-002 
5.62364E-002 
6.37905E-003 

3.89183E-002 
4.22848E-002 
4.59800E-002 

10−4 1BDF 
2BBDF 

IE2SBBDF 

100000 
50000 
50000 

3.55724E-003 
7.04927E-003 
1.01227E-003 

3.84906E-001 
4.19562E-001 
1.79900E-001 

10−5 
 
 

1BDF 
2BBDF 

IE2SBBDF 

1000000 
500000 
500000 

3.60179E-004 
7.19695E-004 
1.06286E-004 

3.84739E+000 
4.18440E+000 
1.47500E+000 

10−6 1BDF 
2BBDF 

IE2SBBDF 

10000000 
5000000 
5000000 

3.60621E-005 
7.21175E-005 
1.06807E-005 

3.82909E+001 
4.18912E+001 
1.45600E+001 

 
The proposed method demonstrates strong agreement between computed and exact solutions, with its 
maximum absolute error signaling accuracy.  When compared to the 1BDF and 2BBDF methods, the newly 
developed approach outperforms the other two in terms of accuracy.  In the realm of total integration steps, 
both IE2SBBDF and 2BBDF methods require only half the steps compared to the 1BDF method. Despite 
involving additional function evaluations, the new method remains competitive in computation time. A graphical 
representation below illustrates the accuracy of these methods, plotting 𝐿𝐿𝐿𝐿𝐿𝐿10(𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀) against h for each tested 
problem. 

 
Fig. 2 Graph of 𝐿𝐿𝐿𝐿𝐿𝐿10𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 against H for problem 1 
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Fig. 3 Graph of 𝐿𝐿𝐿𝐿𝐿𝐿10𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 against H for problem 2 

 
Fig. 4 Graph of 𝐿𝐿𝐿𝐿𝐿𝐿10𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 against H for problem 3 

 
The charts indicate that, across nearly all examined problems, the IE2SBBDF methods exhibit smaller scaled 
errors compared to both the 1BDF and 2BBDF methods. This suggests an enhanced stability and accuracy in the 
IE2SBBDF method. 

6. Conclusion 
In Summary, a novel approach for tackling stiff initial value problems is presented, known as the Improved 
Extended 2-point Super class of Block Backward Differentiation Formula (IE2SBBDF). This method, capable of 
handling first-order stiff initial value problems, computes two solution values per step and boasts a fourth-order 
accuracy. Through stability analysis, it has been demonstrated to be nearly A-stable, zero-stable, and convergent.  
Extensive testing against previously reported stiff initial value problems in the literature reveals that the 
IE2SBBDF method surpass existing approaches such as 1BDF and 2BBDF, in terms of both accuracy and 
computation time. Consequently, the IE2SBBDF emerges as a viable alternative for addressing stiff initial value 
problems. 
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