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1. Introduction 

At 5G mobile and beyond, new radio wave technologies such as millimeter wave, small cell, and multibeam base 

stations are introduced [1-7]. For multibeam technology, dielectric lens antennas are well known to have excellent 

multibeam radiation patterns [8-11]. Especially, the Abbe’s sine condition lens is the most famous for excellent 

multibeam [11]. The feed positions of multibeam are theoretically given and focal regions are shown [12]. To apply 

multibeam lens antennas for 5G base station, many lens structures should be studied. Therefore, focal region ray tracing 

for arbitral lens shape is required. 

Determination of feed position is important to achieve good multibeam performance [8, 13]. Focal region ray tracing 

provides useful data for feed position selection. The data is collected from tracing the ray of the lens from the opposite 

side, which is also called receiving mode. The data then can be analyzed to find the best feed position.  

In this paper, a simple and convenient ray tracing method is proposed. It is programmed in MATLAB using the 

function of “polyxpoly” [14]. Refraction process is embedded within the program. Models of lenses are constructed on 

MATLAB by a group of discrete points representing lens surfaces. Then, receiving mode ray tracing is conducted. 

Incident rays are multiple parallel rays at specified angles. Then, ray tracing is conducted based on Snell’s law and final 

refracted rays are obtained. The ray is then analyzed by finding focal points based on ray concentration. The found focal 

points and rays are then compared to evaluate characteristic and suitability of the lens shape for multibeam. Focal region 
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ray tracing of several lens shapes is presented. The presented lens shapes are hyperbolic planar lens, spherical convex 

lens, and Abbe’s sine condition lens. 

 

2. Lens Shaping 

In this part, models of conventional lenses and shaped lens are presented. There 3 lenses are presented: hyperbolic 

planar lens, spherical convex lens, and Abbe’s sine condition lens. Hyperbolic planar and spherical convex lenses are 

conventional lenses. Shape of these lenses are described by a simple equation. Abbe’s sine condition lens is shaped lens 

which is based on the lens shaping method. 

 

2.1 Conventional Lens 

 

 

Fig, 1 - Hyperbolic planar lens Fig. 2 - Spherical convex lens 

 

Hyperbolic planar and spherical convex lens model are constructed in MATLAB. The model follows description of 

lens shape by simple equation. Fig. 1 and 2 show hyperbolic planar and spherical convex lens shape, respectively.  

 

2.1.1 Hyperbolic Planar Lens 

Inner surface of hyperbolic planar lens is [11] 

 

𝑟 =
(𝑛 − 1)𝐹

𝑛 cos(𝜃) − 1
 

 

(1) 

where 𝐹 is length and 𝑛 is refractive index of the lens. Then, thickness of hyperbolic planar lens is 

 

𝑇 =
1

𝑛 + 1
[√𝐹2 +

(𝑛 + 1)𝐷2

4(𝑛 − 1)
− 𝐹] 

 

(2) 

Lens diameter is set to 𝐷 = 200 mm. Then focal length is 𝐹 = 115.47 mm. 

 

2.1.2 Spherical Convex Lens 

Inner surface of spherical convex lens is 

 

𝑅1 = 𝐹 

 
(3) 

and outer surface of spherical convex lens is 

 

𝑅2 =
(𝑛 − 1)(𝐹 + 𝑇)

𝑛 − cos 𝜃
 

 

(4) 
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with thickness of spherical convex lens is 

𝑇 =
2𝐹 − √4𝐹2 − 𝐷2

2(𝑛 − 1)
. 

 

(5) 

Lens diameter is set to 𝐷 = 200 mm. Then focal length is 𝐹 = 115.47 mm. 

 

 

Fig. 3 - Concept of lens shaping 
 

2.2 Shaped Lens 

Abbe’s sine lens is well known for good multibeam radiation pattern. It is designed as shaped lens following some 

condition described in equations. In this paper, Abbe’s sine condition lens is constructed using MATLAB program based 

on the applied conditions. Structure of the lens is defined by a lens shaping method [11] as seen in Fig. 3. It follows some 

conditions and equations. The first is refraction of 𝑆1 which defined by Snell’s Law [15] 

 
𝑑𝑟

𝑑𝜃
=

𝑛𝑟 sin(𝜃 − 𝜙)

𝑛 cos(𝜃 − 𝜙) − 1
 

 

(6) 

with 𝑛 is refraction index of the lens. The second is Snell’s Law on 𝑆2 

 
𝑑𝑧

𝑑𝜃
=

𝑛 sin𝜙

1 − 𝑛 cos𝜙

𝑑𝑥

𝑑𝜃
. 

 

(7) 

The third is total path length of 

 

𝐿𝑡 = 𝑟 + 𝑛𝑟1 + 𝑍0 − 𝑍 
 

(8) 

Where 

 

𝑟1 =
𝑍 − 𝑟 cos 𝜃

cos𝜙
 

 

(9) 

with 𝑍0 is the aperture plane position and 𝑍 is the distance of the inner surface at the edge to the aperture plane. The 

last equation is defined by Abbe’s sine condition of [11] 

 
𝑑𝑥

𝑑𝜃
= 𝐹𝑠 cos 𝜃 

 

(10) 

as seen in Fig. 4. 

The program works by sweeping 𝜃 from 0 to 𝜃𝑚 with the step of ∆𝜃 solving Equation (6), (7), (8), and (10). Some 

initial values need to be determined. These parameters are set to 𝜃𝑚 = 60°, 𝜃0 = 35°, 𝑟0 = 115.47 mm, 𝑑0 = 0.0001 
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mm, and 𝑛 = 2. The output of the lens shaping program is used as a set of ray surfaces’ discrete points for focal region 

ray tracing. 

 

 

Fig. 4 - Abbe’s sine condition lens 
 

3. Focal Region Ray Tracing on MATLAB 

Focal region ray tracing uses receiving mode from right to left (Area 3 to Area 1) is shown in Fig. 5. Incident parallel 

rays are generated in Area 3 with the gradient of tan𝜑𝑞  and ∆𝑥  gap on 𝑥-axis. Ray tracing is conducted for each. 

Refraction points on 𝑆2 are named (𝑧𝑏 , 𝑥𝑏) and normal vector angle is 𝜃𝑞. Snell’s law is then applied to find the refracted 

ray in Area 2. Ray tracing is then continued by finding refraction points on 𝑆1 which are named (𝑧𝑎, 𝑥𝑎) and normal 

vector angle 𝜃𝑞 can be defined. Finally, refracted rays in Area 1 can be drawn. From two consecutive rays in Area 1, 

(𝑧𝑓 , 𝑥𝑓) can be found and the final refracted rays can be analyzed to find the best feed position. 

 

 

Fig. 5 - Concept of ray tracing on receiving mode 

 

3.1 Finding Refraction Point on 𝑺𝟐 

Curve 𝑆2 is made by many discrete points from the result of lens shaping. Discrete points are then connected making 

the whole lens’ shape. Incoming ray in Area 3 from (𝑧𝑖 , 𝑥𝑖) is then extended very far reaching the 𝑥-axis at (0, 𝑥𝑒). 
Therefore, the function “polyxpoly” on MATLAB can find the intersection between curve 𝑆2 and incoming ray in Area 

3 as 𝑃2 in Fig. 6. 𝑃2 is then used as the refraction point on 𝑆2. 
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Fig. 6 - Finding intersection point on 𝑺𝟐 

 

3.2 Finding Refraction Point on 𝑺𝟏 

Normal vector angle of 𝜃𝑞 is calculated by a very accurate approximation from two nearest points with the refraction 

point (𝑃2) as shown in Fig. 7. Then, 𝜑𝑙 can be found by applying Snell’s law [16] as 

 

𝑛 =
sin(𝜑𝑞 − 𝜃𝑞)

sin(𝜑𝑙 − 𝜃𝑞)
. 

 

(11) 

After 𝜑𝑙 is obtained for all rays, rays inside lens can be drawn from the refraction points to the left direction (𝑆1) 

with the gradient of tan𝜑𝑙  following linear line equation. 

Similar with 𝑆2, 𝑆1 is made by many discrete points which connected. Straight line is drawn from 𝑃2 and extended 

very far reaching 𝑥-axis at (0, 𝑥𝑟) as shown in Fig. 7. Then, intersection 𝑃1 between curve 𝑆1 and the ray can be found 

using “polyxpoly” function. 𝑃1 is then used as the refraction point on 𝑆1. 

 

 

Fig. 7 - Finding intersection point on 𝑺𝟏 

 

3.3 Focal Region Ray 

Normal vector angle of 𝜃𝑝 is calculated by a very accurate approximation from two nearest points with the refraction 

point (𝑃1) as seen in Fig. 8. Then, 𝜑𝑝 can be found by applying Snell’s law [16] as 

 

𝑛 =
sin(𝜑𝑝 − 𝜃𝑝)

sin(𝜑𝑙 − 𝜃𝑝)
. 

 

(12) 

After 𝜑𝑝 is obtained for all rays, final rays can be drawn from 𝑃1 with gradient of 𝜑𝑝. 

Similar with 𝑆2, 𝑆1 is made by many discrete points which connected. Straight line is drawn from 𝑃2 and extended 

very far reaching 𝑥-axis at (0, 𝑥𝑟). Then, intersection 𝑃1 between curve 𝑆1 and the ray can be found using “polyxpoly” 

function. 𝑃1 is then used as the refraction point on 𝑆1. 

Final refracted rays on Area 1 are analyzed to find the estimated best feed position. This position can be defined by 

finding the most concentrated ray points. If the rays are very well concentrated, the feed position can be easily found with 

high conviction. Good concentration of rays also means that the lens can possibly provide good multibeam performance.  
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Fig. 8 - Focal region ray 

 

4. Results and Discussions 

4.1 Hyperbolic Planar Lens 

a

 

b

 

Fig. 8 - Results on hyperbolic planar lens (a) 0° and 10° incident angle; (b) 20° and 30° incident angle 

 

Fig. 8 shows results of receiving mode ray tracing on hyperbolic planar lens and the estimated focal point for 0°, 

10°, 20°, and 30° incident angle. For on-focus incident angle (0°), the rays are very concentrated at (0,0). However, with 

the increase of incident angle, the ray become less concentrated. Then, for incident angle more than 10°, the total internal 

reflection (TIR) occurred. It makes difficulty to find focal point. From these results, good multibeam performance of this 

lens may not be expected. 

 

4.2 Spherical Convex Lens 

Fig. 9 shows results of receiving mode ray tracing on spherical convex lens and the estimated focal point for 0°, 10°, 

20°, and 30° incident angle. For on-focus incident angle (0°), the rays are very concentrated at (0,0). Similar with 

hyperbolic planar, with the increase of incident angle, the ray become less concentrated. However, concertation of ray is 

better compared to hyperbolic planar lens. Unlike hyperbolic planar lens, TIR is not shown for this lens shape. From 

these results, better multibeam performance of this lens may be expected compared to hyperbolic planar lens. 
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a

 

b

 

Fig. 9 - Results on spherical convex lens (a) 0° and 10° incident angle; (b) 20° and 30° incident angle 

 

4.3 Abbe’s Sine condition lens 

Fig. 10 shows results of receiving mode ray tracing on Abbe’s sine condition lens and the estimated focal point for 

0°, 10°, 20°, and 30° incident angle. For on-focus incident angle (0°), the rays are very concentrated at (0,0). For incident 

angle 10° and 20°, the rays are still well concentrated. Then, the rays become less concentrated at 30° incident angle. 

From these results, good multibeam performance of this lens may be expected. However, the less concentrated rays for 

high incident angle indicating that there will be some limitation of multibeam coverage, especially for high angle. 

 

a

 

b

 

Fig. 10 - Results on Abbe’s sine condition lens (a) 0° and 10° incident angle; (b) 20° and 30° incident angle 
 

4.4 Comparison of Focal Point 

Fig. 11 shows comparison of focal point on hyperbolic planar lens, spherical convex lens, and Abbe’s sine condition 

lens. Focal point of Abbe’s sine condition lens shows good agreement with the known locus of this lens shape. The locus 

is defined by radius of  [12] 

 

𝑟 = 𝑓𝑠 cos
2 𝜃 

 
(13) 

from (𝑓𝑠, 0) which can be derived as 

 

𝑥 = 𝑓𝑠 cos
2 𝜃 sin 𝜃 

 
(14) 
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And 

 

𝑧 = 𝑓𝑠 − 𝑓𝑠 cos
3 𝜃 

 
(15) 

with 𝑓𝑠 = 𝑅/ sin 60° is equivalent focal length of the lens. This good agreement proves that the method is valid. 

Then, for hyperbolic planar and spherical convex lens, locus has lower bend compared to Abbe’s sine condition lens. 

Locus of spherical convex lens is smooth and close to Abbe’s locus. However, locus of hyperbolic planar lens is less 

smooth due to some TIR occurred at high angle. 

 

 

Fig. 11 - Focal points of theoretical and ray tracing results 

 

5. Conclusions 

Focal region ray tracing on hyperbolic planar, spherical convex, and Abbe’s sine condition lens antenna has been 

conducted. The feed position is chosen by finding the most concentrated ray points. All lenses show good concentration 

for 0-degree incident angle. Hyperbolic planar lens shows very distributed ray concentration at incident angle of 10 

degrees and above. Spherical convex lens shows better concentrated rays compared to hyperbolic planar lens. However, 

the focal region is also distorted at incident angle of 10 degrees and above. Abbe’s sine condition lens shows very 

concentrated rays of ray tracing. The ray starts to distort at an incident angle of 30 degrees. Therefore, Abbe’s sine 

condition lens has the best multibeam performance compared to two other lens shapes. Focal region ray tracing results 

on Abbe’s sine condition lens agree well with the theoretical locus. It shows that the proposed focal region ray tracing is 

correct. 
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