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1. Introduction 

Round solid bars have many applications in 

mechanical and structural engineering. They generally 

used to transmit mechanical power from one location to 

another points [1]. Some of these bars are exposed to 

environmental harshness leading to the formation of 

surface crack [2]. The existence of crack is also due to 

geometrical discontinuities such notches. Under special 

circumstances [3], sickle-shaped surface crack occurred 

around the round bars. There are other types of cracks 

and the most popular one is semi-elliptical surface crack 

[3-6]. The review of this crack under tension forces can 

be found in [7].  

Mattheck et al. [8] reported that under certain 

circumstances, sickle-shaped crack occurred on the 

surface of solid round bar. They have presented the SIFs 

for several crack geometries, however they are very 

limited. Hobbs et al. [9] analyzed experimentally the 

sickle-shaped cracks in bolts under axial and eccentric 

loads. It is found that the shape of crack front is 

insignificantly affected the SIF especially at the middle 

point along the crack front. However, the shapes of crack 

fronts have played an important role in varying the SIFs 

along it. Additionally, the effect of loading eccentricity is 

found to increase slightly the SIFs at the central point of 

the crack front.  

According to the author’s knowledge, the roles of 

crack geometries on the SIFs are fully discussed. There 

are several papers discussed on the SIFs along the crack 

front of sickle-shaped crack especially when it is 

subjected to tension forces [10-11]. Carpinteri and 

Vantadori [10] performed the numerical work on the 

sickle-shaped surface crack on the round bar under 

eccentric axial loading. Wide ranges of crack geometries 

are considered, however the determination of SIFs are 

limited to the interested locations. Additionally, their 

work focused more on the analyses of fatigue crack 

growth of such cracks. In another paper, Carpinteri and 

Vantadori [11] investigated the behavior of similar crack 

however they placed the cracks in notches before it is 

subjected to cyclic tension and bending loading. The 

effects of stress concentration factor on the SIFs are the 

main concern. 

This paper investigated the stress intensity factors 

(SIFs) for various geometries of sickle-shaped surface 

cracks under free- and fix-type tension stresses. There are 

seven crack aspect ratios, a/b are used ranging between 

0.0 to 1.2. For each a/b, there are six relative crack depth, 

a/D between 0.1 and 0.6. Stress intensity factors based on 

the J-integral are used to characterize the crack behavior 

where ANSYS finite element program is used to model 

the surface cracks. 

 

2. Stress Intensity Factor  

It is firstly introduced by Rice [13] assuming a crack 

in two-dimensional plate, J-integral is defined as a 
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contour, Γ around the crack tip. It is evaluated counter-

clockwise as depicted in Figure 1 and can be expressed as 

Eq. (1): 

.
u

J Wdy T ds
z



 
  

     (1) 

where, T is an outward traction vector along the contour, 

Γ is defined as 
i ij iT n or it is a force per unit length, u 

is a displacement vector and ds is an element on the 

contour, Γ.  While, W is a strain energy density expressed 

as Eq. (2): 
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where, 
ij is a strain tensor and   represents as a strain 

vector. In elastic-plastic analysis J-integral is composed 

from two parts, elastic J-integral, Je and plastic J-integral, 

Jp as (Kumar et al. [14]) in Eq. (3): 

e pJ J J      (3) 

where, Je  can be obtained numerically using finite 

element analysis (FEA) or by the Eq. (4) (Rahman [15]): 
2
I

e

K
J


     (4) 

where, KI is the mode I elastic SIF,  = E for plane stress 

and  = E / (1-υ2) for plane strain. Since, this work only 

concerned on the elastic analysis, the plastic term is 

omitted from Eq. (3).  

 
Figure 1. A definition of contour path to evaluate J-

integral. 

 

In ANSYS, J-integral is computed through the virtual 

crack extension (VCE) method or it is also called as 

domain integral method (Park [16]). In order to determine 

the J-integral, proper selection of contour path is 

important even though J-integral analysis is a path 

independent method. This is because large material 

shrinkage occurs around the crack tip (Rice [13]). In this 

work, 5th contour is selected which give 0.05% compared 

with 4st contour showing a path independent effect 

around the crack tip. All the calculations in determining 

the fracture parameters are conducted automatically 

through the use of ANSYS parametric design language 

(APDL). 

 

 

3.0 Numerical Modelling 

3.1 Sickle-Shaped Surface Cracks 

Due to the symmetrical effect only a quarter finite 

element model is used where the radius, R = 25mm and 

the half length of the solid round bar is 200mm. Figure 2 

shows the cross-sectional area of sickle-shaped surface 

crack where O and O’ are the central point of circle and 

semi-ellipse, respectively. There are seven values of 

crack aspect or semi-elliptical ratios, aminor/bmajor are 

used ranging between 0.0 to 1.2 with an increment of 0.2. 

While, six relative crack depth, a/D are used namely 0.1, 

0.2, 0.3, 0.4, 0.5 and 0.6. All of these are used in order to 

study the influence of different relative crack depths and 

crack aspect ratios on the stress intensity factors. The 

SIFs are determined at six different locations along the 

crack front and the SIF at the point C is not determined 

due to the singular problem. It is estimated that the 

nearest point close to point C is 83% measured from point 

A. The location of each point along the crack front is also 

normalized such as x/h for the location of point P. 

 
Figure 2. Nomenclature of sickle-shaped crack. 

 

3.2 Finite Element Modelling 

The construction of finite element model is started 

with the model of cross-sectional area as shown in Figure 

2. Once it is completed, the model is extruded along the 

y-axis with a length of 200mm. The extruded volume 

model is presented in Figure 3(a). Special attention is 

given at the tip of the sickle-shaped crack where iso-

parametric element SOLID186 is used. The square-root 

singularity of stresses and strains around the crack tip is 

modelled by shifting the mid-point nodes to the quarter-

point location close to the tip. Firstly, the two-

dimensional model is meshed and then it is swept along 

the crack front. Then, the remaining model is meshed 

with irregular similar element. The quarter finite element 

model is shown in Figure 3(b) with its corresponding 

crack tip singular element as in Figure 3(c). 

The whole edge right surface is symmetrically 

constrained except the crack faces. The left surface plane 

is also symmetrically constrained as in Figure 4. There 

are two types of tension loading are used separately. The 

first tension pressure is directly applied onto the cross-

sectional area of the left edge of the finite element model. 

This pressure is freed to move thus creating the effect of 

bending moment and it is called a free pressure, Pfr. 

Second type of tension pressure is allowed to move in y-
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axis only and it is called a fix pressure, Pfx. The purpose 

of these forces is to compare the stress intensity factors 

and to study the SIF relationships when subjected to these 

forces.  

 
(a) 

 
(b) 

 
(c) 

Figure 3. (a) An extruded volume cracked model, (b) 

Quarter finite element model and (c) Corresponding 

singular element around the crack tip. 

 
Figure 4. The boundary conditions and the loading on the 

finite element model. 

 

The stress intensity factors (SIF) along the sickle-

shape crack front are determined using ANSYS finite 

element program. The determination of SIFs is based on 

the J-integral where it can be directly converted into SIFs 

using Eq. (5) as long as the problem within the elastic 

ranges and has fulfilled the plain strain condition: 

21

e

I

J E
K

v



     (5) 

where, KI is a mode I SIF, Je is an elastic J-integral 

determined directly from the program, E is a modulus of 

elasticity and v is a Poisson’s ratio. In order to generalize 

the SIFs, it is recommended to convert them into a 

normalized value called a mode I dimensionless SIF or 

geometrical correction factor, FI as Eq. (6): 

I
I

K
F

a 
      (6) 

where,  is a applied stress and a is a crack depth. In Eq. 

(6), there are two types of stresses which are the free 

stress, fr and the fix stress, fx. Then, consequently 

produced two types of SIFs as in Eqs. (7) and (8): 

,

,

I fr

I fr
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K
F
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,

,
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K
F
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Before the model is further used, it is a compulsory to 

validate the present model is in the right condition. 

According to Figure 4, it is revealed that the present 

model is well agreed with the existing model. Therefore, 

this present model can be utilized for the further analysis. 

  

 
Figure 5. Model validations of the present and the 

existing models. 

 

In order to study the role of bending effect when the free-

type stress is used, both Eqs. (7) and (8) is then compared 

as in Eq. (9):  
*

, ,I fr I fxF F F       (9) 

The purpose of this comparison is to obtain the SIFs due 

to the bending effect, F* when it is subjected to free axial 

stress as reported in the first part of this paper [17]. For 

the sake of simplicity, only the SIFs at x/h = 0.0 are 

considered with the assumption that the behavior of SIFs 

at other locations are similar. 

 

4.0 Results and Discussion 

4.1 Effect of Crack Aspect Ratios on the SIFs 

The effect of crack geometries on the mode I SIFs 

are presented in Figure 6 when the values of a/b are 

varied and subjected to free-axial stress. The SIFs 
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obtained using fix-axial stresses are not presented since 

the behavior of these SIFs are similar but lower in 

magnitudes. For the relatively straight-fronted cracks (a/b 

≤ 0.2), the SIFs along the crack fronts are almost 

flattened. However, the SIFs around the outer edge are 

slightly higher than the SIFs at the middle locations. This 

is due to when the crack is almost straight, the stresses are 

uniformly distributed along the crack front and therefore 

opening the crack faces in similar manner. When a/b > 

0.4, different mechanisms are observed where the SIFs 

around the outer surface are decreased relative to the SIFs 

at the middle points. However, this behavior is only 

occurred for the case of deeper crack depth (a/D > 0.4). 

The reductions of SIFs became significant when a/b 

increased. It is due to the fact that when a/b is increased, 

the shape of crack front changed from straight-fronted to 

the sickle-shaped cracks. When the cracks took the sickle 

shapes, the stress distributions are not uniform especially 

along the crack front where the crack can be classified 

according to position, the upper and side cracks. For the 

upper crack, it has experienced higher stress while the 

side crack is not. Then, the conditions of these crack 

contributed to the behavior of lower SIFs are occurred at 

the outer edge compared with the middle location. 

 

4.2 Effect of Relative Crack Depth on the 

SIFs 

The effect of relative crack depth, a/D on the SIFs 

when the values of a/b are varies are depicted in Figure 7. 

It is revealed that similar distributions of SIFs are 

observed for all a/D cases excepted deeper the cracks 

higher the magnitudes of SIFs along the crack fronts. For 

the case of relatively shallow cracks (a/D ≤ 0.3),   

 

4.3 SIFs of Bending Moment Effects 

Table 1 presents the SIFs at x/h = 0.0 obtained using 

two types of axial stresses (free- and fix-stress condition). 

It is obvious that when free-axial stress is used, it is 

capable to induce the SIFs due to the bending effect. 

Whereas for fix-axial stress, it is only allowed to move in 

y-axial direction thus not creating the SIFs due to the 

bending effect. In order to examine such effect, Eq. (9) is 

used and the resultants SIFs between two types of stresses 

are listed in Table 2. On the other hand, Table 3 tabulates 

the SIFs subjected to bending moment for comparison 

purposes. It is revealed that for the condition of shallow 

cracks (a/D ≤ 0.3), the SIFs due to the bending effect are 

minimal when compared with the SIFs in Table 3 [17]. 

However, when deeper cracks are used (a/D > 0.3), the 

SIFs are relatively similar with the SIFs under bending 

moment. Based on the observations from the previous 

works [9-12] most of the SIFs obtained using the free-

axial stress. It should not be classified as pure tension 

stress but combined bending and tension stresses. Thus 

the SIFs in [9-12] have overestimated. 

 

 

  

 

 

 
Figure 6. Continued….. 
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Figure 6. The effect of a/D on the mode I SIFs along the 

crack front for different a/b, (a) 0.0, (b) 0.2, (c) 0.4, (d) 

0.6, (e) 0.8 and (f) 1.0. 

 

 
Figure 7. Continued….. 

 

 
Figure 7. The effect of a/D on the mode I SIFs along the 

crack front for different a/b, (a) 0.1, (b) 0.2, (c) 0.3, (d) 

0.4, (e) 0.5 and (f) 0.6. 

 

4.4 Sickle-Shaped Surface Crack 

Deformations 

The effect of crack shapes strongly affected the 

distributions of SIFs along the crack front. Figure 8(a) 

reveals the deformations of crack faces for a/b = 0.0 and 

a/D = 0.4 under bending moment. For better 

visualization, all models are constructed in three-

dimensional finite element model. For relatively straight 

crack (a/b ≤ 0.2), the crack has displaced almost 

uniformly across the crack front. This is suggested to 

conform that the SIFs along the crack front is almost 

flattened as shown in Figures 6(a). Referring to the 

yellow circle, the crack has opened uniformly without 

any closure effect. While Figure 8(b) shows the crack 
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deformation for a/b = 1.2 and a/D = 0.4. There are two 

circles indicating two regions of opening and closing 

mechanisms. Red circle indicates that the crack 

experiences an opening mechanism. However, blue circle 

indicates that the region close to the outer point of the 

crack front has almost closed. 

 

Table 1. SIFs at x/h = 0.0 due to free-axial and fix-axial 

stresses. 

a/D 
a/b 

0.0 0.2 0.4 0.6 0.8 1.0 

 SIFs under Free-Axial Stress, FI,fr 

0.1 1.03 1.01 1.031 1.019 1.060 1.109 

0.2 1.15 1.14 1.163 1.221 1.293 1.392 

0.3 1.42 1.39 1.453 1.555 1.692 1.850 

0.4 1.88 1.86 1.882 2.171 2.429 2.798 

0.5 2.59 2.60 2.866 3.249 3.767 4.399 

0.6 3.91 4.07 4.555 5.404 6.468 7.558 

 SIFs under Fix-Axial Stress, FI,fx 

0.1 1.00 0.99 1.016 1.013 1.046 1.088 

0.2 1.07 1.08 1.103 1.137 1.195 1.267 

0.3 1.24 1.264 1.2993 1.3690 1.4707 1.6145 

0.4 1.51 1.546 1.614 1.735 1.916 2.148 

0.5 1.92 1.965 2.084 2.297 2.591 2.939 

0.6 2.49 2.565 2.775 3.119 3.562 4.046 

 

Table 2. SIFs due to Bending Effect at x/h = 0.0. 

a/D 
a/b 

0.0 0.2 0.4 0.6 0.8 1.0 

0.1 0.029 0.019 0.015 0.006 0.013 0.020 

0.2 0.080 0.057 0.060 0.084 0.097 0.125 

0.3 0.174 0.135 0.154 0.186 0.222 0.236 

0.4 0.367 0.318 0.267 0.436 0.512 0.650 

0.5 0.677 0.636 0.782 0.952 1.175 1.459 

0.6 1.421 1.504 1.780 2.284 2.905 3.510 

 

Table 3. SIFs under Bending Moment at x/h = 0.0, FI,b 

[17] 

a/D 
a/b 

0.0 0.2 0.4 0.6 0.8 1.0 

0.1 0.876 0.844 0.872 0.886 0.914 0.949 

0.2 0.827 0.811 0.828 0.875 0.915 0.968 

0.3 0.848 0.842 0.872 0.933 1.002 1.095 

0.4 0.940 0.954 1.004 1.086 1.203 1.344 

0.5 1.136 1.146 1.261 1.397 1.593 1.812 

0.6 1.510 1.556 1.731 2.039 2.383 2.743 

 

 
Figure 8. Effect of surface crack on the neutral axial of 

the solid round bar. 

 

 

 

 

 

 
Figure 8. Crack deformations under free-axial tension 

stress, (a) a/b = 0.0 and a/D = 0.4 and (b) a/b = 1.2 and 

a/D = 0.4. 

 

 

Figure 9. Crack deformations under fix-axial tension 

stress, (a) a/b = 0.0 and a/D = 0.4 and (b) a/b = 1.2 and 

a/D = 0.4. 

 

 
Figure 10. The deformations of solid round bars under (a) 

free-axial and (b) fix-axial stresses. 

4.4 Stress Intensity Factors at the x/h = 0.0 

Figure 8 shows the variation of stress intensity 

factors (SIFs) at the middle point along the crack front 

(x/h = 0.0) for different a/b. In general, higher SIFs are 

obtained when a/b ratios increased. For the relatively 

shallow cracks in this case a/D ≤ 0.2, the effects of 

geometries on the SIFs are insignificant. However when 

deeper cracks are used, the role of a/b became paramount 

important. Figure 8 also reveals that when higher a/b is 

used, the maximum SIFs occurred at the middle point 
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along the crack front. It is indicated that under bending 

moment, the crack started to initiate firstly at the mid-

point before going to other locations. For the case of a/b 

≤ 0.2 (straight and almost straight-fronted cracks), the 

SIFs for a/D < 0.4 are relatively flattened. This is to show 

that the cracks grew along the crack front are almost 

uniform where the tendency of the crack to initiate 

probably in a similar manner.  

 

Figure 8. The SIFs for different a/b at the x/h = 0.0, (a) 

free- and (b) fix-stresses. 

 

5.0 Summary 

In this paper, the behavior of sickle-shaped surface 

cracks in round bars are investigated and analysis where 

it is subjected to tension force. The stress intensity factors 

(SIF) are based on the J-integral. Then the normalized 

SIFs are plotted against the normalized locations along 

the crack front. Seven crack aspect ratios, a/b and six 

relative crack depth, a/D are modeled using ANSYS 

finite element program. According to the numerical 

simulations, it is found that: 

i. For the shallow cracks (a/D ≤ 0.3), the SIFs have 

no significant different even though different a/b 

are used.   

ii. For straight or relatively straight cracks (a/b ≤ 0.2), 

the distributions of SIFs along the crack fronts are 

almost flattened. However when a/b > 0.2 are 

used, the SIFs around the outer surfaces are 

relatively lower that the SIFs close to the central 

regions.  

iii. From numerical simulations, it is observed that the 

circumferential side cracks experiences 

insignificant mode I opening mechanisms 

compared with the crack located at the upper side.  
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0.2 1.1079 1.1155 1.1277 1.1553 1.1993 1.2459 1.3116 

0.3 1.2781 1.2969 1.3252 1.3822 1.4587 1.5531 1.6518 

0.4 1.5576 1.5822 1.6393 1.7367 1.8723 2.0227 2.1621 

0.5 1.9648 2.0065 2.1023 2.2729 2.4899 2.7087 2.8912 

0.6 2.5378 2.6059 2.7744 3.0469 3.3672 3.6610 3.8851 

0.50 

0.1 1.0561 1.0546 1.0647 1.0544 1.0704 1.0965 1.0710 

0.2 1.1495 1.1556 1.1620 1.1789 1.2019 1.2135 1.2129 

0.3 1.3212 1.3437 1.3620 1.3996 1.4389 1.4677 1.4710 

0.4 1.6141 1.6345 1.6738 1.7355 1.8070 1.8519 1.8563 

0.5 2.0279 2.0642 2.1246 2.2342 2.3441 2.4029 2.3992 

0.6 2.6036 2.6595 2.7686 2.9380 3.0908 3.1598 3.1426 

0.67 

0.1 1.1146 1.1104 1.1158 1.0966 1.0946 1.1051 1.0088 

0.2 1.2270 1.2314 1.2273 1.2247 1.2116 1.1610 1.0736 

0.3 1.4010 1.4318 1.4317 1.4332 1.4083 1.3365 1.2247 

0.4 1.7192 1.7304 1.7383 1.7360 1.7009 1.5967 1.4544 

0.5 2.1413 2.1675 2.1635 2.1671 2.1085 1.9586 1.7741 

0.6 2.7183 2.7521 2.7576 2.7529 2.6561 2.4507 2.2194 

0.83 

0.1 1.2313 1.2266 1.2212 1.1836 1.1500 1.1331 0.9301 

0.2 1.4005 1.3983 1.3730 1.3275 1.2459 1.0883 0.8832 

0.3 1.5801 1.6341 1.5930 1.5188 1.3692 1.1384 0.9011 

0.4 1.9565 1.9480 1.8854 1.7496 1.5228 1.2249 0.9618 

0.5 2.3806 2.3871 2.2310 2.0473 1.7264 1.3542 1.0494 

0.6 2.9334 2.9248 2.7266 2.4233 1.9844 1.5285 1.1833 

 

 

 


