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flow, zero mass flux via temperature gradient. The governing partial differential equations
(PDEs) are transformed into ordinary differential equations (ODEs)
using appropriate similarity variables before being solved numerically
using bvp4c in MATLAB. Obtained results are presented in graphical
and tabular form. An 8.82% increment was observed in the values of
Nusselt numbers of hybrid nanofluid as compared to base fluid. The
stagnation parameter and nanoparticle volume fraction are important
factors in improving the heat transfer rate of the fluid. The Nusselt
number is an increasing function of both parameters. Meanwhile, the
Brownian motion parameter has a negligible effect on the heat transfer
rate.
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1. Introduction

Many manufacturing processes revolve around the manipulation and treatment of heat and mass transfer of fluid
flowing over a continuously moving or stretching surface. The thermoforming method requires stretching the
heated plastic before cooling it to retain the desired shapes. In sheet glass production, molten glass is poured onto
the conveyor and then cooled and solidified into a flat sheet. Similarly, the production of paper, polymer sheets,
hot rolling, and wire drawing all involve the kinematics of stretching and simultaneous heating or cooling. These
are important aspects of the manufacturing processes as they can affect the desired quality of the final products.
As such, itis of equal importance that studies are made to examine the heat transfer rate and characteristics of the
fluid flow near a stretching surface.

[1] head started the investigation in 1970 by considering a steady boundary layer flow of a viscous
incompressible fluid due to a linearly stretching plate. The research has since then taken off with various aspects
of such flow taken into consideration by investigators around the world. However, many studies assumed a linear
relationship with the distance from the fixed origin, though in practicality, it may not necessarily be linear. [2]
seem to be the first to consider the flow within the boundary layer caused by a surface undergoing exponential
stretching in which they discussed the similarity solution involving an exponential dependence on the similarity
variable. In addition to the expansive surface, the heat transfer fluid itself assumes a crucial role in the entirety of
the industrial process. In recent years, hybrid nanofluid has become a credible heat transfer fluid that can improve
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thermal efficiency. It is an upgraded version of nanofluids, in which nanosized solid particles made of metals, metal
oxides, or carbon are dispersed in a base fluid of water, oil, or ethylene glycol. In the case of hybrid, two types of
nanoparticles are dispersed instead of one.

Despite gaining interest from the researchers, flow analysis of hybrid nanofluid over an exponentially
stretching surface is still relatively low as compared to the linearly stretching surface. [3] examine the hybrid
nanoparticle effects on the fluid flow and heat transfer induced by an exponentially stretching/shrinking surface
while considering the magnetohydrodynamic (MHD) and radiation effects. The findings indicate that maintaining
sufficient suction strength is essential to sustain the flow over a shrinking sheet, and increasing radiation leads to
a decrease in the rate of heat transfer. Other available works of literature on this exponential surface flow include
ones by [4] that investigated the effect of heat generation, [5] who studied the mixed convection flow with Joule
heating factor, [6] that investigated the stagnation point flow with buoyancy effects, while [7] includes MHD
stagnation point flow with viscous dissipation in their study. Recently, [8] assessed the influence of TiO2-Ag/water
on the flow with the effect of radiation and slip conditions and [9] addressed a natural stagnation bioconvection
flow of a hybrid nanofluid containing gyrotactic microorganisms. The results in all the above literature agree on
the existence of dual solutions for shrinking surfaces.

It is worth mentioning, that the two most used nanofluid mathematical models are those proposed by [10]
and [11]. The Buongiorno model took into consideration the effect of Brownian motion and thermophoresis while
the Tiwari-Das model considered the solid volume fractions of the nanoparticles. All the abovementioned
literature is based on the Tiwari-Das model and studies on hybrid nanofluid using the Buongiorno model are still
extremely limited. Some available literature includes one by [12] which investigates the impact of nanoparticle
migration on hybrid nanofluid with natural convection. They examined an enclosure featuring sinusoidal wavy
walls, with insulated upper and bottom walls. Their findings indicate that elevating thermophoresis diffusion
enhances the heat transfer rate. Simultaneously, an increase in Brownian diffusion results in a higher
concentration of nanoparticles near the hot wall. [13] conducted a sensitivity analysis using the Response Surface
Methodology (RSM) on the heat transfer rate of hybrid nanofluid flow over a wedge. They considered two distinct
heat sources, a linear thermal heat source, and an exponential space-dependent heat source for their study. Their
results indicate that both heat mechanisms contribute to enhancing the temperature profile, with the exponential
space-related heat source exerting a predominant effect. Meanwhile, [14] made a comparative study of Ag-
MgO/water and Fe304-CoFe204/EG-water hybrid nanofluid flow over a curved surface. A larger value of the
curvature parameter is found to decrease the mass transfer rate of the fluid. [15] presented a theoretical
investigation to improve the efficiency of a solar water pump by utilizing the benefits of hybrid nanofluids’ thermal
characteristics with a parabolic trough solar collector.

The majority of existing hybrid nanofluid Buongiorno-based models have assumed constant nanoparticle
concentrations in the proximity of the surface. A more physically realistic condition, as suggested by [16],
introduces the notion that nanoparticle volume fractions near the surface are passively controlled by temperature
gradients, leading to zero mass flux at the boundary. This condition was applied by [17] in their exploration of the
impact of Hall's current on the flow of hybrid nanofluid over a slender stretching sheet. In the same year, [18]
studied the flow and heat transfer characteristics using both nanofluid and hybrid nanofluid along a permeable
isothermal stretching/shrinking surface. They discovered two solution branches within a specific range of suction,
stretching/shrinking parameters, and hybrid nanofluids parameters. More recently, [19] investigated a three-
dimensional flow and heat transfer of bi-directional stretched nanofluid film exposed to exponential heat
generation. The findings indicated that the Brownian motion and thermophoresis contribute to a rise in the flow
temperature, potentially influencing the nanoparticle concentration field as well.

Meanwhile, stagnation point flow can be used in various industrial processes where controlling the fluid
behavior at a specific point is crucial. By controlling the point of impact, it can affect the surrounding pressure and
fluid velocity which are used to analyze lift and drag forces in aerodynamics and heat transfer efficiency in cooling
and heating systems, among others. [20] investigated the stagnation-point flow towards a stretching sheet and
found that the resulting boundary layer depends on the ratio of the frictionless potential flow about the stagnation
point to that of the velocity of the stretching surface. Thus, the present study aims to investigate the stagnation
point flow of a hybrid nanofluid over an exponential stretching sheet with zero mass flux boundary conditions
using the Buongiorno model. To the best of the author’s knowledge, research has yet to be done under this specific
condition. Thus, it is imperative that a study is made to study the flow characteristics and its heat transfer rate
near the boundary layer, hopefully, to offer and add new knowledge on the vast and complex world of fluid
systems.

2. Mathematical Formulation

The model of a two-dimensional constant stagnation-point flow of a hybrid nanofluid across a stretching sheet is
formulated based on a few assumptions. The x-axis is parallel to the sheet and the j~axis is perpendicular to it in
a Cartesian coordinate system. It is assumed that the flow is constrained at y > (. Additionally, the sheet’s surface
temperature is maintained at 7 while the mass flux at the wall is assumed to be zero. Furthermore, 7~ and Cw
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denote the ambient fluid temperature and concentration respectively. Both the free stream velocity away from
the surface as well as the stretching surface velocity are assumed to vary nonlinearly, which corresponds to u =
Ue(x) = ae¥t and u = uw(x) = be¥’, respectively where a and b are positive constants and L is the characteristic
length of the sheet. Under the above assumptions, the governing equations are as follows [18]:

ou Ov

54_5:0’ (1)

Ou Oou du ,Uhnf 5 u

_—ty—= €
a0 (2)
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where vand v denote the velocity components in the x and y-directions, p is the dynamic viscosity of fluids, p is
the density of fluids, kis the thermal conductivity of fluids, 7'is the fluid temperature, Cis the fluid concentration,
pCp is the heat capacity of fluids, Ds is the Brownian diffusion coefficient, Dr is the thermophoretic diffusion
coefficient and 7 = (pCp)s /(pCp)r is the ratio between the effective heat capacity of the nanoparticle material and
heat capacity of the fluid. The associated boundary conditions are given as [4], [16]:

Aty=20:
u=u,(x)=be'"", v=0, T=T, DBZ_S+%Z_§= (5)

Asy—>oco:
u—su(x)=ae’*, T>T,, C->C, (6)

Note that (*)anrin the governing equations denote the hybrid nanofluids quantities and are defined as follows (see

[18]):
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In this case, the base fluid quantities are represented by (*)s while (“)sz, (*)sz and @i, ¢z, signify the quantities of
hybrid nanoparticles and the volume fraction of nanoparticles in the hybrid nanofluid, respectively (¢: = ¢z =
corresponds to a regular fluid). The hybrid nanofluid is assumed to be homogeneous, hence, neglecting any
internal fluctuations of the particle density or flows.
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The governing equations along with their boundary conditions as in Eq. (1) to Eq. (6) can be transformed into
a dimensionless form by employing the subsequent similarity transformations:

b /2L /2L Tr-T c-¢C
= |——e" . =./2bv . Le* , 6= = = ®
n L Y, W =42bv, S T T ¢ c (8)

Eq. (1) is automatically satisfied and Eq. (2) to Eq. (6) takes the following forms:

af " a1 =2(f ) +2r7) =0 ©)
a4 " "N’ DY "2 —
_0(3Pr0 +f0'+NbO'¢'+ Nt (0') =0 (10)
¢"+Lef¢’+%0”=0 (11)
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f(O) =0, f’(O) =1, 9(0) =1, Nb¢'(0) + Nt@’(O) =0, (12)
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In this expression,
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Furthermore, primes denote the differentiation with respect to n, r = a/b is the stagnation parameter, Pr =
ve/a is the Prandtl number in which a = k/pC; is the thermal diffusivity, Nb = tDsCx/Vris the Brownian motion
parameter, Nt = tDr(Tw - Tw)/ViT is the thermophoresis parameter, and Le = v¢/Dp is the Lewis number.
Expressions for the local skin friction coefficient Cfx and the local Nusselt number (or heat transfer rate), Nuxare
given by:

T q,.L
& =—"5—~ Nu=—T—7, 15
b (x) k (T, ~T.) (15)

where 7y is the plate shear stress and gwis the plate heat flux respectively.

Ou oT
Z-w = /’lhnf 5 ’ qw = _khnf 5 [16)
y=0 y=0

The dimensionless forms of Eq. (15) are given by:
Cf.2Re,)? =a,f",  Nu,(Re [2)" =-2,0'(0) (17)

where Rey = uw(x)-L/Vr is the local Reynolds number based on the stretching velocity uw(x).

There are different types of nanoparticles available, and the size, shape, and material used to make them can
affect the thermal conductivity of the fluids [22]. Another essential factor is to choose a suitable combination of
nanoparticles to ensure stable suspension of hybrid nanofluid [7]. In this study, the base fluid is water and the
nanoparticles for the hybrid nanofluids are alumina (Alz03), and copper (Cu). Both Al203 and Cu have high thermal
conductivity, allowing an efficient heat transfer process. The physical properties of the hybrid nanofluids are given
in Table 1.
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Table 1 Thermophysical properties of the base fluid and nanoparticles [21]
Base Fluid _Nanoparticles

Physical Properties Water ALOs Cu
pkg/m?) 997.1 3970 8933
C,(J/kg K) 4180 765 385
k(W/mK) 0.6071 40 400

3. Method of Solution

The governing ordinary differential equations in Eq. (9) to Eq. (13) were rewritten into a system comprising of
seven first-order ordinary differential equations (ODEs), outlined as follows:

x{:f':xz
= o,

a
r_ e M 2 2
x=f —a—[sz — XX, = 2r ]

2

x, =0"=x, (18)
x;=0"= —Z—jPr[xlxs + Nbx,x, + Nt(xs)zJ
x=¢=x,
xl=¢" = —{Lexlx7 + xs'}
with the boundary conditions:
x(0)=0, x,(0)=1 x,(0)=1, Nbx,(0)+Ntx;(0)=0 (19)

x,(0) =7, x,(0)—>0, x,(0)—>0

The system as in Eq. (18) along with boundary conditions of Eq. (19) were then solved using MATLAB'’s bvp4c
function which is a finite difference code that incorporates a collocation formula with fourth-order accuracy. It
was evaluated at 100 equally spaced points, starting with zeros as the initial guesses, and the relative tolerance
was taken to be 1x10-8. The parameter 7. was assigned a value of 20 to ensure the convergence of all numerical
solutions towards their respective asymptotic values as dictated by the specified boundary conditions.

To ensure computational accuracy, the results were validated through comparison with solutions obtained
from another solver, specifically dsolve by MAPLE. This command directly determines the numerical solutions for
the ODE system for Eq. (9) to Eq. (13) without the necessity of rewriting it as first-order ODEs. For boundary value
problems (BVP), the default approach involves a finite difference technique with Richardson extrapolation. The
initial mesh was set to 100 with an absolute error of 1x10-8. Table 2 lists the compared values of skin friction,
Ct(2Rex)"/2 and Nusselt number, Nux(Rex/2) -%/? for various stagnation parameter, r values. From the table, it is
safe to say that the current results are correct and accurate.

Table 2 Values of skin friction and Nusselt number for various values of stagnation parameter, r

_ Cf.(2Re,)"”? Nu (Re /2)™"?
Stagnation parameter, r ’
MATLAB bvp4c MAPLE dsolve MATLAB bvp4c MAPLE dsolve

0.2 2.23452 2.2345202 1.74719 1.7471924
0.5 1.64503 1.6450311 1.87028 1.8702002

1 0 4.4352E-19 2.09402 2.0940221
1.5 -2.28109 -2.2810896 2.30886 2.3088646
1.8 -3.90311 -3.9031063 2.43105 2.4310472

4. Results and Discussion

The influence of several flow parameters like stagnation parameter, r; Lewis number, Le, Brownian motion
parameter, Vb, thermophoresis parameter, Nt, Prandtl number, Pr; and nanoparticle volume fraction, ¢, were
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investigated and the results are presented through graphs. The parameter values used in the analysis were r =
0.2, Pr=6.135 Nb = Nt = 0.5, Le = 1, and @1 = @z = 0.1. In this study, ¢: and ¢z represent the nanoparticle
volume fraction of alumina and copper respectively. Note that, due to the zero-mass flux assumption, values of
concentration near the surface overshoot and attain negative values which are physically undefined but can be
translated as the nanoparticle flux at the surface is suppressed [23].

Fig. 1 illustrates the impacts of stagnation parameter r = a/b on velocity, temperature, and concentration.
This parameter represents the ratio between stream velocity and surface velocity. To comprehend the influence
of the stagnation parameter on velocity, three distinct cases can be examined. When r > 7, the stream velocity
surpasses the surface velocity, leading to a reduction in the thickness of the velocity boundary layer as r increases.
Conversely, r = 7 indicates that stream velocity is equal to the surface velocity, hence no velocity boundary layer
forms due to the absence of changes in the fluid velocity. However, when r < 7, surface velocity exceeds the stream
velocity, resulting in an inverted boundary layer. This observation aligns with the findings presented in [20]. The
thickness of the velocity boundary layer has a direct impact on the heat transfer rate process through convection.
A thick velocity boundary layer means the heat transfer process between the solid surface and fluid is less efficient.
This results in a higher temperature gradient, hence decreasing the temperature. Besides that, if assuming that
the stream velocity, c is constant, higher values of r mean lower surface velocity. Thus, increasing r means lower
velocity which causes both heat and mass transfer to be less efficient resulting in lower temperature and
concentration.

Vetocity 06

(@) (b)

(©

Fig. 1 The effects of stagnation parameter, r towards (a) Velocity; (b) Temperature; and (c) Concentration profiles

Fig. 2 shows the impact of the Lewis number on temperature and concentration. The Lewis number, denoted
as Le, represents the ratio of thermal diffusivity to mass diffusivity. It is observed that as the Lewis number
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increases, there is a corresponding increase in temperature. When Le > 7 thermal diffusivity is faster than mass
diffusivity. Consequently, heat transfer transpires more swiftly, resulting in an elevation in temperature. It also
shows that near the surface, the concentration increases as Le increases. When mass diffusivity decreases the
concentration will be higher. However, moving away from the surface, the pattern reverses, and concentration
starts to decrease. This shift could be attributed to other contributing factors that outweigh the influence of Le,
thereby impacting fluid concentration.

Brownian motion refers to the unpredictable motion of particles suspended in a fluid, which results from
collisions with neighboring molecules. The extent to which these particles disperse is quantified by the diffusion
coefficient. Fig. 3 depicts the effects of the Brownian motion parameter, Nb on both temperature and
concentration. It shows that when Nb increases, the temperature remains unchanged. This indicates that the heat
resulting from the collisions is too small to make any significant changes in the fluid temperature. However, the
concentration decreases as Nb increases. When there is more random particle movement, there is a higher chance
of collision which increases the distance between the particles, resulting in lower concentration.
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Fig. 3 The effects of the Brownian motion parameter, Nb on (a) temperature; and (b) concentration profiles

Meanwhile, thermophoresis describes the mass diffusion phenomenon due to temperature differences. As
such, the thermophoresis parameter, Nt does not directly affect the fluid temperature and concentrations but
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provides insights on how temperature gradient affects the particle motions. Fig. 4 shows that as Nt increases, both
temperature and concentration increase. A higher thermophoresis parameter suggests a larger temperature
gradient, hence higher temperature. And when there is a temperature gradient, particles tend to move from a
high-temperature region to a lower-temperature region. The migration is what causes the changes in the fluid
concentration. In this case, higher particle migration causes the fluid concentration to increase.

Fig. 5 shows the effects of changes in the nanoparticle volume fraction of Cu, ¢2. The fluid velocity decreases
but temperature and concentration increase as the volume fraction of nanoparticles increases. As there are more
nanoparticles in the mixture, the concentration is higher, and the fluid will be more viscous with higher resistance
which results in decreasing velocity. With lower velocity, heat transfer is less effective causing the temperature to
be higher. Note that ¢ = Orepresents mono nanofluid and it is observed that m ono nanofluid has higher velocity,
but lower temperature and concentration as compared to hybrid nanofluid.
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>
n
(©
Fig. 5 The effects of nanoparticle volume fraction, ¢z, on (a) velocity; (b) temperature; and (c) concentration
profiles

Values of reduced Nusselt number Nux(Rex/2) -%/? and reduced skin friction Ct(2Rex)?/? are shown in Table
3 along with parameter variations. The base fluid (p: = @2 = 0) exhibits the lowest skin friction, as anticipated
due to the absence of additional nanoparticles that could contribute to friction between particles. Interestingly,
the heat transfer rate of base fluid surpasses that of mono-nanofluids (g2 = 0). This suggests the existence of a
critical nanoparticle volume fraction that ensures an enhanced heat transfer rate for hybrid nanofluids. An 8.82%
improvement in heat transfer rate was recorded when ¢: = @2 = 0.1 as compared to the base fluid. It is also
observed that skin friction is influenced solely by changes in parameter @2 and r, but with opposite reactions. It
increases together with ¢-but decreases as rincreases. With increasing nanoparticle volume fraction, there is no
doubt that there will be increasing resistance. As r represents the velocity ratio, increasing velocity will reduce
the friction and become frictionless when there are no changes in velocity (r = 7). The negative in skin friction
simply represents changes in the direction of the friction. Simultaneously, the heat transfer rate rises in tandem
with ¢zand r, decreases with Le and Nt, and remains unaffected by Nb. From a practical standpoint, the direct
controllability of both nanoparticle volume fraction and velocity ratio sets them apart as crucial factors in
industrial processes compared to other parameters.

Table 3 Values of Cfi(2Rex)”/? and Nux(Rex/2)-%/2? with parameter variation

@1 @2 r Le Nb Nt Ch(2Rey)?  Nux(Rey/2)1/2
0 0 0.2 1 0.5 0.5 1.19512 1.60557
0.1 0 0.2 1 0.5 0.5 1.55336 1.58129
0.01 1.61874 1.59703
0.05 1.88479 1.66179
0.1 2.23452 1.74719
0.1 0.1 0.2 1 0.5 0.5 2.23452 1.74719
0.5 1.64503 1.87028
1.0 0 2.09402
1.5 -2.28109 2.30886
1.8 -3.90311 2.43105
0.1 0.1 0.2 0.5 0.5 0.5 2.23452 1.81603
1 2.23452 1.74719
2 2.23452 1.63456
3 2.23452 1.54792
0.1 0.1 0.2 1 0.1 2.23452 1.74719
0.3 2.23452 1.74719
0.5 2.23452 1.74719
0.7 2.23452 1.74719
0.1 0.1 0.2 1 0.5 0.1 2.23452 1.86520
0.3 2.23452 1.80653
0.5 2.23452 1.74719
0.7 2.23452 1.68728
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5. Conclusions and Recommendations

This study considered the problem of stagnation-point flow of a hybrid nanofluid over an exponentially stretching
surface with zero mass flux condition using a modified Buongiorno nano-liquid model (MBNM). In practical
applications, it is found that the surface velocity and nanoparticle volume fraction can be the key factor to control
the desired heat transfer rate. The main findings of the study are:
o The stagnation parameter and nanoparticle volume fraction are important factors in improving the heat
transfer rate of the fluid. The Nusselt number is an increasing function of both parameters.
e Increasing Le and Nt will increase the fluid temperature and reduce the heat transfer rate.
e Parameter Nb has no significant effect on either skin friction or the heat transfer rate.
For further research, this study can be extended to include other determining factors such as
injection/suction, convective boundary condition, magnetohydrodynamic (MHD), and thermal radiation to name
a few. It can also be applied to non-Newtonian fluids such as Maxwell, Carreau, and Jeffrey.
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