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Abstract

The analysis of the random behavior of beams on an elastic foundation,
considering a two-dimensional random elastic modulus, contributes to
bringing the analytical model closer to the physical model of the
problem and enhancing the reliability of structural calculations. This
paper aims to develop a Monte Carlo simulation (MCs) to represent the
two-dimensional random field of elastic modulus combined with the
finite element method to analyze the random response of beams resting
on an elastic foundation according to the Winkler model. The spectral
representation method generates the two-dimensional elastic
modulus's Gaussian. This sample function is used to construct the
formulation of finite elements. The influence of the random field's
standard deviation, the correlation distance along the in-plane axes,
and the stiffness of the elastic foundation on the coefficient of variation
of displacement are also investigated and analyzed in detail in this
article. The two-dimensional randomness of the elastic modulus and
the stiffness coefficient of the foundation significantly affect the
random response of the beam. The coefficient of variation (COV) of
displacement tends to increase when the standard deviation of the
stochastic field or the correlation distance along the axes increases.
Still, conversely, when the stiffness of the elastic foundation rises, the
coefficient of variation decreases. The COV of displacement approaches
the standard deviation value of the stochastic field of material
properties when the correlation distance along the axes approaches
infinity.

1. Introduction

The finite element method (FEM) is commonly widely used in structural analysis due to its ability to handle
complex geometries, various boundary conditions, and structures, including multiple materials [1-3]. In structural
analysis, factors such as loads, effects, or material properties often exhibit randomness or uncertainty [4-7].
However, the deterministic nature of FEM limits its capacity to account for structural randomness resulting from
stochastic input factors or uncertain parameters. To overcome this limitation, the stochastic finite element method
(SFEM) combines standard FEM with stochastic computation theories typically used in stochastic structural
analysis [8-11]. SFEM involves two main stages for analysing structures with stochastic input factors or uncertain
parameters. Initially, these factors are represented as fields or variables within the computational framework.
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Subsequently, random features or unknown parameters are introduced into the system using SFEM techniques
[12]. Several SFEM techniques have been developed to facilitate stochastic structural analysis, including Monte
Carlo simulation [13], spectral approaches [14], and perturbation methods [15]. These methods enhance the
predictive accuracy and reliability of FEM by accommodating the inherent stochasticity of real-world structural
scenarios.

The MCs involve generating sample functions from an input random field and assessing structural behavior
based on these samples to derive a set of responses. A statistical analysis of these responses yields the statistical
characteristics of the structural response. Shinozuka and Jan [16] pioneered the application of MCs in stochastic
mechanics for the numerical simulation of stationary random fields. Despite its reliability, the Monte Carlo
simulation method demands substantial computational resources, particularly when tackling complex problems
with higher dimensions, leading to increased computational time and cost. Numerous strategies have been
developed to reduce the number of simulation samples to address this, thereby mitigating computational
expenses and time consumption [17]. Effective implementation of MCs necessitates computations using sufficient
samples to ascertain the statistical properties or failure probabilities of structures. Despite the computational
demands, this approach remains widely employed for stochastic analysis in various systems.

The scientific community has paid considerable attention to the stochastic analysis of beam structures with
random factors such as loads and impacts or uncertain parameters such as material properties or geometric
dimensions. Vanmarcke and Grigoriu [18] used random finite elements to analyze beam structures with randomly
varying stiffness. The stiffness of the beam is assumed to be a random field that varies unidirectionally along the
length of the beam. The statistical characteristics of beam displacements, such as expectation and variance, are
established. Deodatis [19] introduced a weighted integration method for discretizing a random field by calculating
integrals of monomials with the stochastic field over the element domain. This method discretizes the random
field into random variables on the element domain and can be applied to the same element mesh for any
correlation distance. It simultaneously represents the displacement and random fields using the element shape
function. The random stiffness matrix of the frame element with an elastic modulus randomly varying in one
direction along the element length is also established by applying the concepts of virtual work and potential
energy [20]. Sharing the same idea of the weighted integration method, Takada [21] also used the weighted
integration method to analyze the random response of bar structures. Hien [22] developed a weighted integration
technique to discretize random fields combined with SFEM to analyze the stability of columns with cross-sections
varying along their length. Deodatis et al. [23] proposed a weighted integration method for two-dimensional
stochastic fields combined with the SFEM developed from the weighted integration method for one-dimensional
random fields.. Ren et al. [24] proposed a variational method to directly determine the mean function and
displacement covariance of beams with one-dimensional randomly varying stiffness without depending on the
first derivatives of displacements or the widely used perturbation method. This proposed method can be applied
in the case of large random stiffness deviations. Adhikaria and Mukherjee [25] used the Castigliano method [26]
to construct the element stiffness matrix in two cases: beams with varying elastic modulus or beams with
randomly varying stiffness along the length of the beam. Unlike the conventional finite element method, the
displacement field is assumed through the nodal shape and displacement function. The Castigliano method builds
the element's stiffness matrix from the relationship between force and displacement. The random stiffness matrix
is divided into two parts, including the predetermined part and the random part. A beam element contains three
random variables discretized from the random field. Material properties do not only change randomly along the
beam length but can also change randomly in the remaining directions [27]. The averaging method over the
element domain represents the elastic modulus random field. Then, the random field on each element is
approximated as a random variable. At the same time, the perturbation method and the Newman technique of
series expansion combined with MCs will be used for stochastic analysis.

The Winkler and Pasternak foundation models are widely used for simulating the interaction between
structural elements and elastic foundations. The Winkler model, characterized by independent springs, offers
simplicity and computational efficiency, making it suitable for problems with straightforward boundary
conditions and localized load applications [28, 29]. However, its primary limitation lies in neglecting the
interaction between adjacent points on the foundation, which can lead to inaccuracies in predicting the behavior
of continuous or distributed systems. In contrast, the Pasternak model incorporates a shear layer to account for
interactions between neighboring points, enhancing the accuracy for problems involving continuous foundations
or complex loading scenarios [30, 31]. Despite its advantages, the Pasternak model introduces additional
complexity in parameter determination and computational implementation due to the inclusion of the shear
modulus. For the present study on beam analysis, the Winkler foundation model is selected due to its simplicity
and adequacy in capturing the essential behavior of the system under consideration. The assumptions of localized
load distribution and negligible interaction effects between foundation points are reasonable for this problem,
ensuring that the Winkler model provides a balance between accuracy and computational efficiency [32].

Previous research frequently assumes that the elastic modulus of the beam varies randomly across its
length.Very few studies analyse beams whose elastic modulus varies randomly along beam length and height
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directions. Therefore, in this paper, stochastic analysis of continuous beams on elastic foundations with two-
dimensional random field in elastic modulus is employed by combing the MCs and the finite element method. The
effect of a stochastic field, such as the correlation distance (€D) and the standard deviation (SD) of the elastic
modulus stochastic field, and the stiffness of the elastic foundation on the COV of displacement is investigated in
detail.

2. Stochastic Static Response Analysis of Beams Using MCs

Consider the beam construction depicted in Fig. 1, which has a rectangular cross-section. The geometric
dimensions of the beam include the following span length: L, cross-sectional height: h, and cross-sectional width:
b. The global coordinate system of the entire structure is selected, including the x-axis along the length of the span
and the y-axis along the height of the cross-section. The beam is resting on an elastic foundation. The Winkler
elastic foundation model, which has a stiffness coefficient of Kr, was the elastic foundation model employed in this
investigation. The elastic modulus of the beam E(X, y) is assumed to vary randomly along the length and height of
the beam as Eq. (1).

E(x,y)=E0 [1+f(x,y)] (D

here, Eo reflects the elastic modulus's mean values. f{x, y) is a stationary, Gaussian random field. This random field
changes bidirectionally along the x and y axes. The expected value of random field is zero. The stochastic field of
elastic modulus is described as the sum of the cosine series of the uniform random variable [33].

B-1 A1

f('x’y) = \/52) 20|:AP|172 COS(YLP|X+ stpzy+®(1:1)P2 )+BP1P2 COS(YLPlx_Y2~P2y + CD(PZ|L2 ):| (2)
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Fig. 1 Randomly varying two-dimensional elastic modulus beam
The parameters in Eq. (2) are determined according to the following formulas:
4,, = \/mﬂ. (Y,,.Y., JAY,AY,; B, = \/2$ﬁ. (Y,,.Y,,, )AY,AY, 3)
Yl,pl = pAY,; Yz,pz = p,AY, (4)
Y Y

AY, =% ;. AY, =2 (5)

A b
p={01...R-1} p,={01,..,P-1} (6)

CDSRP2 and cpfli)z are the uniform random phase angle within the scope of [0,27[]. The power spectral density

function (PSDF) used in Eq. (7) is given as:
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2
dd ax,\ (dx
2 Ux4y x )
Sy (Xis1s) =07 ——exp ‘[T] ‘[TJ (7)
In this Eq. (5), ¥
cases where determining Y, ,
that 77 = 0.08% can be chosen.

Y,, are the upper cut-off limit of wave numbers in the PSDF can be determined by Eq. (8). In
Y

lu>

,, is mathematically challenging, the value of 77 can be assumed to be so small

J'OY*” ,er S//‘(Ylez)lede :(1_’7)]‘: iS.f/ (YI’YZ)dYIde (8)

In the finite element method context, the beam is divided into Ne elements. The elastic modulus of the element
varies randomly in two dimensions according to the length and height of the element, as shown in Eq. (9)

E, (%)= Eo[1+ /. (x.7)] (9)

Substituting Eq. (2) into Eq. (9), the elastic modulus of the element is obtained as Eq. (10), where A, is the distance
from the end of the beam to the e-th element.

Rl p-1| A,

E =By 1+32) Y "

— L (2)
n=0rm=0\B, , cos |:Y1’pl (x+8,) =Yy y+ @0

1
COS[YI,Pl (X+A€)+Y2spzy+q)(l71)l72:|+

(10)

Consider a beam element with two nodes, each having two degrees of freedom. The length of the element is a. The
displacement of the beam element is determined based on the element's shape function and the element's nodal

displacement as Eq. (11). In equation Eq. (11), w, (x) is the displacement of the beam element, and {4}, is the

nodal displacement vector of the beam element.

q

w ()= () 1 (x) () L ()] = () (1)

g,

[Hi (x)] is the shape function matrix of the bending beam element determined by the following formulas:

2 3
H, (x) =1—3z—2+2z—3

0 (12)
X X
H,(x)=3—-2—
(%) a a
x X
H (x)=x| ——+—
(%) ( L)
Expression of strain energy U. for bending is determined as Eq. (13):
1 0w (x) ’
UG:EJ‘nEelzy—axz ] dv, (13)
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The elastic foundation's potential energy 7 is written as the following equation:
2
s
T _J‘VUKF[ ) J v, (14)

The stiffness matrix of the beam element is found using the virtual work principle, where [B] is the matrix that
defines the relationship between deformation and displacement.

(K], = [, [B] E.[Blav. + [ [H.(x)] K. [H,(x)]aV, (15)

A

with

(6 a6y (4 e (6 12 (2 6
[7]= y{[ a2+a3) [ a+a2j [az a3j [ a+azﬂ (16)

Substituting Eq. (10) into Eq. (15), the following result is obtained:

(K = [, [B] E.[Blav. + [ [H,(x)] K. [H,(x)]av,

e

K] [Kor
o A, cos| Y (x+A)+ Y, y+@l 1+ (17)
[ [BlEN2Y Y4 R Saad [Ba.
e n=0p=0|B, cos[Y,’p1 (x+Ae)_Y2,pzy+CD;2|1’z:|
[akT
with
12 6a -12 6a
‘ r E,I 4a’ —6a 24’
(] = (8] £ [)av, - 2 b oo
sym 4a’
(13 11, 9 13 2_

—a —a —a -———a
35 210 70 420
L3, 1

—a —a a
105 420 140

. T
(K] = L/F[H,. (x)] &, [H,(x)]dV, =K,b B (19)
35 210
sym La3
I 105° |
R-1p1 | A, cos Y’1 xX+A, +Y,2y+CI)(l])2 +
[AK]E :J- [B]TEO\/EZ z 20% [ Lp ( ) 2.p pp :| [B]dVe (20)
g hons|B, COS[YLM (x+4,)-T,, y+c1>§j)pz]
The global stiffness matrix is determined from the stiffness matrix of the element as follows:
N, . N, . N, ,
[K]=Ul&.] +Ul&., ] +U[aK] (21)
e=1 e=1 e=1
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The nodal displacement vector {U} is defined as Eq. (22) , where [K ] is the global stiffness matrix and {P} is the

load vector.
[K]{U}={P} (22)

Using Eq. (10) produces N samples of the two-dimensional random field of the elastic modulus. The global stiffness
matrix of the entire structure at trial i-th is determined as Eq. (21). Analysis of the static response of the structure
on the elastic modulus sample set is created using Eq. (22). From then, N nodal displacement vectors of the
structure are obtained. Statistical processing on the obtained data set can determine the statistical characteristics
of the sample, such as the expectation of the displacement as Eq. (23) and the variance of the displacement as Eq
. (24).

uu]=—> U 23)

Valv]= (X () N (u[o])) 24

The coefficient of variation is a statistical characteristic used to compare the relative variability of different data
sets. It is defined in Eq. (25) as the ratio between the sample's standard deviation and sample expectations.

cov _ Y] (25)
V]
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Fig. 2 Block diagram of random behavior analysis of a beam using MCs

Figure 2 illustrates the block diagram of the steps required to analyze the random behavior of a beam with a
two-dimensional random elastic modulus. The beam is placed on an elastic foundation modeled as a Winkler
foundation. In this process, sample functions of the two-dimensional random field are generated using the spectral
representation method, combined with the standard FEM to construct characteristic matrices of the system, such
as the global stiffness matrix and load vector. The statistical characteristics of the beam'’s displacements are
determined through conventional statistical analysis tools.

3. Numerical Examples and Discussion

3.1 Verification of Computational Results

To verify the displacement analysis results of the beam obtained through the proposed finite element method
(FEM) in this study, an analytical approach [34] was employed to analyze the static response of the beam. The
differential equation describing the displacement profile of a beam under a distributed load q(x) is given by Eq.
(26).
d*w
EIW + K.bw = bq(x) (26)
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To solve Eq. (26) for the case of a beam subjected to a uniformly distributed load qo, the displacement of the beam
is obtained as shown in Eq. (27), where Cj, Cz, C3, and C4 are the constants of integration determined based on the
boundary conditions.

w=e"(C cos Ax+C, sin Ax)+e** (C; cos Ax+ C, sin Ax) +IZ—° (27)
F
with
P LY (28)
EI

Figure 3 illustrates the error in mid-span displacement of the beam determined using the proposed FEM
compared to the analytical solution, corresponding to an increasing number of elements ranging from 2 to 16. The
beam, with a rectangular cross-section and simply supported at both ends, has the following geometric
dimensions: L = 10 m,b = 0.4 m,h = 0.6 m. The material properties include a modulus of elasticity E=30x103 Mpa
and a foundation stiffness coefficient Kr=105. The beam is subjected to a uniformly distributed load qo=10 kN/m. It
is evident that as the number of elements increases, the beam's displacement converges towards the displacement
value obtained through the analytical method. Therefore, the proposed FEM solution in this study is both suitable
and reliable for analyzing the beam's behavior.

0.08 - 1 - <

0.07 ---enme- Mo R b o

| —=—Error [%]

0.06 :
0.05
0.04 +

0.03

Error [%]

0.02 ~

0.01

0.00

0.01 4——f——

Fig. 3 Error in displacement determination using FEM compared to the analytical method

3.2 Analysis of the Influence of Factors in the 2D Random Field on the COV

Consider a beam with a rectangular cross-section on an elastic foundation with a stiffness coefficient Kr = 10° Mpa.
Elastic modulus Eo = 32 x 103 MPa, width b = 0.3 m, height h = 0.6 m, and length L = 8 m are the geometrical and
material properties of the beam. A load Q = 50 kN is applied to the beam at the middle span. With the following
equations for the power spectral density function and autocorrelation function, the elastic modulus is
considered a stationary, univariate, two-dimensional random field.

2 2
X, — X, —
Rff(xz_xl’yz_yl):oﬁexp _( Zd lj _(yzd yl] [26)

x y

dd, dx .\ (dx,Y
o o] (4] {25]

Where, gfis the standard deviation of the elastic modulus random field, dx and dy are the correlation distances
along the x-axis and y-axis. Ten thousand samples of the elastic modulus of the beam were generated using Eq.
(10). Fig. 4 is a function sample of the elastic modulus of the beam in one trial. Analyzing the structure's response
based on the sample set of elastic modulus is created to obtain the response set of the structure. Fig. 5 and Fig. 6
are frequency histograms of nodal displacements at the mid-span of the beam corresponding to different
correlation distances. The standard deviation of the random field is assumed to be 0.05. As the correlation distance
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along the axes increases, the displacement of the beam obtained in the i-th trial becomes more and more dispersed
from the average displacement value. In other words, as the correlation distance increases, the standard deviation
of displacement also increases. The dependence of the displacement COV on the correlation length in the two-
dimensional random field presented in this study is consistent with the analyses reported in [20], where the
authors developed the weighted integral method combined with perturbation techniques to perform random

analysis of bar structures with one-dimensional random elastic modulus.
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Fig. 6 Frequency histogram of displacement (a) dx=dy = L; (b) dx=dy = 50L

The influence of the correlation distance along the coordinate axes on the coefficient of variation of
displacement is shown in Fig. 7. We can observe that the coefficient of variation increases as the correlation
distance increases. The increase in the coefficient of variation corresponds to different values of the correlation
distance. The COV of displacement rises sharply when the correlation distance is small, and the COV continues to
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increase when the correlation distance is considerable, but this increase is not significant. In addition, it can also
be observed that the influence of the axial correlation distance along the span length is more significant than the
influence of the axial correlation distance along the section's height.

0003000
0003560 |
0004120 |

0.004680

0005240 :
0.005800
0.006360
0.006920
0.007480
0.008040

0.008600

Fig. 7 The influence of CD on COV of displacement

Fig. 8 shows the COV of response versus the CD at the different SD of a stochastic field. The correlation distance
dx = dy = d varies from 0.001L to 100L. The SD of the elastic modulus random field ranges from 0.05 to 0.20. In all
cases, the COV of displacements tends to be similar, starting from small values for the slight standard deviation of
the elastic modulus random field up to large values. The COV of displacement increases as the correlation distance
increases or the standard deviation of the random field increases. At large values of correlation distance, as the
standard deviation of the random field increases, the COV increases almost equally for different correlation
distances. In the analysis of the free vibration problem of a beam with a one-dimensional random elastic modulus
[11] using SFEM, the authors demonstrated a positive correlation between the COV of natural frequencies and the
SD of the one-dimensional random elastic modulus. This is analogous to the positive correlation between the COV
of displacements and the SD of the two-dimensional random elastic modulus observed in this study.
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A
0.025
: /
o
T 0.020 /‘/_
R R
1 ,,__»////
0.010 i V;
———
e
0.005 /—_‘_/
e
0.000 TS T
1E-3 0.01 0.1 1 10 100

log(d /L) = log(d /L)

Fig. 8 COV of displacement as a function of the CD for the different SD of a random field
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Fig. 9 The influence of the foundation stiffness coefficient on COV

The foundation stiffness coefficient, corresponding to the values Kr=10°Mpa, Kr =5x105Mpa, Kr =10x10° Mpa,
and Kr=15x10°Mpa, is evaluated to analyze its influence on the COV of beam displacement. In Fig. 9, the impact of
the foundation stiffness coefficient on the coefficient of variation of beam displacement is illustrated. There is a
clear influence of the foundation stiffness coefficient on the COV of beam displacement. Across different values of
the foundation stiffness coefficient, the COV of beam displacement appears to be consistently similar. The COV
decreases as the foundation stiffness coefficient increases, particularly evident at larger correlation distance
values.

4. Conclusions

The paper successfully developed the random finite element method combined with Monte Carlo simulation to
analyze the response variability of a beam resting on a Winkler foundation. The elastic modulus of the beam is
modeled as a two-dimensional, stationary, univariate Gaussian random field. The random fields of the elastic
modulus are simulated as sample functions using the spectral representation method, expressed as a sum of a
series of cosine functions. The analysis results indicate that the two-dimensional randomness of the elastic
modulus and the stiffness coefficient of the foundation significantly affect the static random response of the beam.
The COV of the displacement shows a positive correlation with the correlation length or the standard deviation of
the two-dimensional random field. The influence of the correlation length on the COV varies across different
magnitudes of the correlation length. Additionally, the effect of the foundation stiffness coefficient on the COV is
evident. As the foundation stiffness coefficient increases, the COV of the beam displacement decreases, and this
effect becomes more pronounced at larger correlation lengths.

Acknowledgement

This research is funded by the Ministry of Education and Training (MOET), Vietnam under the grant number
B2023-GHA-08.

Conflict of Interest

Authors declare that there is no conflict of interests regarding the publication of the paper.

Author Contribution

The authors confirm contribution to the paper as follows: study conception and design: Nguyen Dang Diem, Ta Duy
Hien; data collection: Nguyen Dang Diem, Ta Duy Hien; analysis and interpretation of results: Nguyen Dang
Diem, Ta Duy Hien; draft manuscript preparation: Nguyen Dang Diem. All authors reviewed the results and
approved the final version of the manuscript.

Penerbit
UTHM



Int. Journal of Integrated Engineering Vol. 17 No. 5 (2025) p. 64-76 75

References

[1] Eltaher M. A, Aleryani O. A, Melaibari A., Abdelrahman A. A. (2024) Bending and Vibration of a Bio-Inspired
Bouligand Composite Plate Using the Finite-Element Method, Mechanics of Composite Materials, 59(6),
1199-1216, https://doi.org/10.1007/s11029-023-10166-y.

[2] Minh Phuc Pham, Le Vinh An (2023) Stability of multi-cracked FG plate on elastic foundations, Transport
and Communications Science Journal, 74(4), 544-556, https://doi.org/10.47869 /tcsj.74.4.13.

[3] Rao Singiresu S (2013). The Finite Element Method in Engineering: Pergamon International Library of
Science, Technology, Engineering and Social Studies. Elsevier, Great Britain

[4] Schuéller G.I. (2006) Developments in stochastic structural mechanics, Archive of Applied Mechanics,
75(10), 755-773, https://doi.org/10.1007 /s00419-006-0067-z.

[5] NV Thuan Hien T D (2021) Variablitity in frequencies of vehicle vibration anlysis with muiltiple random
variables, Transport and Communications Science Journal, 72(2), 215-226,
https://doi.org/10.47869 /tcs].72.2.7.

[6] Maddahi Mahdiye, Gerami Mohsen, Naderpour Hosein (2023) Effect of uncertainties of shear wall on
reliability of rehabilitated structure, Magazine of Civil Engineering, 117(1), 11701,
https://doi.org/10.34910/MCE.117.1.

[7] Hiep Nguyen Trong, Dan Dao Sy, Diem Nguyen Dang, Tien Dao Ngoc (2023) NURBS-based Isogeometric
Analysis and Refined Plate Theory Application on a Functionally Graded Plate Subjected to Random Loads,
Engineering, Technology Applied Science Research, 13(2), 10243-10248,
https://doi.org/10.48084/etasr.5478.

[8] Cassidy Mark]., Uzielli Marco, Tian Yinghui (2013) Probabilistic combined loading failure envelopes of a
strip footing on spatially variable soil, Computers and Geotechnics, 49, 191-205,
https://doi.org/10.1016/j.compgeo.2012.10.008.

[9] Contreras Humberto (1980) The stochastic finite-element method, Computers & Structures, 12(3), 341-348,
https://doi.org/10.1016/0045-7949(80)90031-0.

[10] Der Kiureghian Armen Ke, Jyh-Bin (1988) The stochastic finite element method in structural reliability,
Probabilistic Engineering Mechanics, 3(2), 83-91, https://doi.org/10.1016/0266-8920(88)90019-7.

[11] Duy Hien Ta, Diem Nguyen Dang, Van Tan Giap, Van Hiep Vu, Van Thuan Nguyen (2023) Stochastic Higher-
order Finite Element Model for the Free Vibration of a Continuous Beam resting on Elastic Support with
Uncertain Elastic Modulus, Engineering, Technology Applied Science Research, 13(1), 9985-9990,
https://doi.org/10.48084 /etasr.5456.

[12] Arregui-Mena José David, Margetts Lee, Mummery Paul M. (2016) Practical Application of the Stochastic
Finite Element Method, Archives of Computational Methods in Engineering, 23(1), 171-190,
https://doi.org/10.1007/s11831-014-9139-3.

[13] CJ Astill SB Imosseir, M Shinozuka (1972) Impact loading on structures with random properties, Journal of
Structural Mechanics, 1(1), 63-77, https://doi.org/10.1080/03601217208905333.

[14] Ghanem R.G., P.D. Spanos (2003). Stochastic finite elements: a spectral approach. Courier Corporation,

[15] W. K. Liu, T. Belytschko, Mani A. (1986) Random field finite elements, International journal for numerical
methods in engineering, 23(10), 1831-1845, https://doi.org/10.1002 /nme.1620231004.

[16] Shinozuka M., C. M. Jan (1972) Digital simulation of random processes and its applications, Journal of Sound
and Vibration, 25(1), 111-128, https://doi.org/10.1016/0022-460X(72)90600-1.

[17] Hurtado J. E., A. H. Barbat (1998) Monte Carlo techniques in computational stochastic mechanics, Archives
of Computational Methods in Engineering, 5(1), 3-29, https://doi.org/10.1007/BF02736747.

[18] Vanmarcke E., G. Mircea (1983) Stochastic Finite Element Analysis of Simple Beams, Journal of Engineering
Mechanics, 109(5), 1203-1214, https://doi.org/10.1061/(ASCE)0733-9399(1983)109:5(1203)

[19] Deodatis George (1991) Weighted Integral Method. I: Stochastic Stiffness Matrix, Journal of Engineering
Mechanics, 117(8), 1851-1864, https://doi.org/10.1061/(ASCE)0733-9399(1991)117:8(1851)

[20] Deodatis George, Shinozuka Masanobu (1991) Weighted Integral Method. II: Response Variability and
Reliability, Journal of Engineering Mechanics, 117(8), 1865-1877, https://doi.org/10.1061/(ASCE)0733-
9399(1991)117:8(1851)

[21] Takada Tsuyoshi (1990) Weighted integral method in stochastic finite element analysis, Probabilistic
Engineering Mechanics, 5(3), 146-156, https://doi.org/10.1016/0266-8920(90)90006-6

Penerbit
UTHM


https://doi.org/10.1007/s11029-023-10166-y
https://doi.org/10.47869/tcsj.74.4.13
https://doi.org/10.1007/s00419-006-0067-z
https://doi.org/10.47869/tcsj.72.2.7
https://doi.org/10.34910/MCE.117.1
https://doi.org/10.48084/etasr.5478
https://doi.org/10.1016/j.compgeo.2012.10.008
https://doi.org/10.1016/0045-7949(80)90031-0
https://doi.org/10.1016/0266-8920(88)90019-7
https://doi.org/10.48084/etasr.5456
https://doi.org/10.1007/s11831-014-9139-3
https://doi.org/10.1080/03601217208905333
https://doi.org/10.1002/nme.1620231004
https://doi.org/10.1016/0022-460X(72)90600-1
https://doi.org/10.1007/BF02736747
https://doi.org/10.1061/(ASCE)0733-9399(1983)109:5(1203)
https://doi.org/10.1061/(ASCE)0733-9399(1991)117:8(1851)
https://doi.org/10.1061/(ASCE)0733-9399(1991)117:8(1851)
https://doi.org/10.1061/(ASCE)0733-9399(1991)117:8(1851)
https://doi.org/10.1016/0266-8920(90)90006-6

76 Int. Journal of Integrated Engineering Vol. 17 No. 5 (2025) p. 64-76

[22] Duy Hien Ta (2020) A static analysis of nonuniform column by stochastic finite element method using
weighted integration approach, Transport and Communications Science Journal, 71(4), 359-367,
https://doi.org/10.25073 /tcsj.71.4.5.

[23] Deodatis G., Wall W., Shinozuka M. (1991). Computational Stochastic Mechanics. Dordrecht
[24] Ren Y-], Elishakoff I, Shinozuka M (1997). Finite element method for stochastic beams based on variational
principles. ] Appl Mech. https://doi.org/10.1115/1.2788944

[25] Adhikari S., Mukherjee S. (2022) The exact element stiffness matrices of stochastically parametered beams,
Probabilistic Engineering Mechanics, 69, 103317, https://doi.org/10.1016/j.probengmech.2022.103317

[26] Friedman Z., Kosmatka ]. B. (1992) Exact stiffness matrix of a nonuniform beam—I. Extension, torsion, and
bending of a bernoulli-euler beam, Computers & Structures, 42(5), 671-682, https://doi.org/10.1016/0045-
7949(92)90179-4

[27] Chakraborty S., Bhattacharyya B. (2002) An efficient 3D stochastic finite element method, International
Journal of Solids and Structures, 39(9), 2465-2475, https://doi.org/10.1016/S0020-7683(02)00080-X

[28] Winkler Emil (1867). Die Lehre von der Elasticitaet und Festigkeit: mit besonderer Riicksicht aufihre
Anwendung in der Technik, fiir polytechnische Schulen, Bauakademien, Ingenieure, Maschinenbauer,
Architecten. H. Dominicus.

[29] Hetényi Miklds, Hetbenyi Miklbos Imre (1946). Beams on elastic foundation: theory with applications in the
fields of civil and mechanical engineering. University of Michigan press Ann Arbor, MI.

[30] Pasternak PL (1954). On a new method of analysis of an elastic foundation by means of two foundation
constants, Gos Izd Lit po Strait i Arkh.

[31] Kerr Arnold D. (1964) Elastic and viscoelastic foundation models, Journal of Applied Mechanics, 31(3), 491-
498, https://doi.org/10.1115/1.3629667

[32] Timoshenko Stephen, Woinowsky-Krieger Sergius (1959). Theory of plates and shells. McGraw-Hill New
York.

[33] Shinozuka Masanobu, Deodatis George (1991) Simulation of Stochastic Processes by Spectral
Representation, Applied Mechanics Reviews, 44(4), 191-204, https://doi.org/10.1115/1.3119501

[34] Wang YH, Tham LG, Cheung YK (2005) Beams and plates on elastic foundations: a review, Progress in
structural engineering materials, 7(4), 174-182, https://doi.org/10.1002/pse.202

Penerbit
UTHM


https://doi.org/10.25073/tcsj.71.4.5
https://doi.org/10.1115/1.2788944
https://doi.org/10.1016/j.probengmech.2022.103317
https://doi.org/10.1016/0045-7949(92)90179-4
https://doi.org/10.1016/0045-7949(92)90179-4
https://doi.org/10.1016/S0020-7683(02)00080-X
https://doi.org/10.1115/1.3629667
https://doi.org/10.1115/1.3119501
https://doi.org/10.1002/pse.202

