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Abstract: Multilateration (MLAT) system estimates the position of an aircraft using time difference of arrival (TDOA)
measurement estimated at ground receiving station (GRS) pairs with a lateration algorithm. In a multiple aircraft
scenario, multiple TDOA measurements are estimated at GRS pairs. Thus, there is a need to group and associate the
TDOA measurements according to each aircraft before the position estimation (PE) process with the lateration
algorithm. In this paper, a multi-reference TDOA association (M-RETA) technique based on multiple referencing
approach to TDOA estimation, its zero cyclic sum property and nearest neighbour search approach is developed for a
minimum configuration 3-D MLAT system. The performance of the M-RETA technique is determined considering a
five aircraft flying configuration with an aircraft pair separation of at least 5.5 km in accordance to the Federal Aviation
Administration (FAA) standard. Simulation result shows that the M-RETA technique association accuracy depends
on the TDOA estimation error and separation between the aircraft. Simulation result shows that the M-RETA
technique as on an average 88% probability of correct association.

Keywords: TDOA, zero cyclic sum, nearest neighbor search, association

1. Introduction

Multilateration (MLAT) system is one of the surveillance systems used by an air navigation service provider (ANSP)
to track aircraft within its flight information region (FIR) (ICAO, 2007). The system first estimates time difference of
arrival (TDOA) measurement from the aircraft transponder replies such as the automatic surveillance dependent broadcast
(ADS-B) signals captured by ground receiving station (GRS) pairs (ICAO, 2007; Kaune, Steffes, Rau, Konle, & Pagel,
2012; Shamian, Hadi, & ljaz, 2012). These TDOA measurements are used with the known coordinate of the deployed
GRSs as inputs to a lateration algorithm which then estimates the position of the aircraft. There is a nonlinear relationship
between the input variable (TDOA measurement) to the lateration algorithm and output variable (aircraft position)
(Gaspare Galati, Leonardi, Balbastre-Tejedor, & Mantilla-Gaviria, 2014; Yaro & Sha’ameri, 2018). To obtain the aircraft
position, there is a need to establish a linear relationship between the two variables. For this reason, several approaches
have been developed which can be grouped as closed-form and open form approaches (So, 2012; Yaro, Sha’ameri, &
Kamel, 2018). In the open form approach, linearization algorithms are used to obtained the linear relationship between
the two variables (Gaspare Galati et al., 2014; So, 2012). This is followed by an iteration process with an input random
aircraft position while minimizing a maximum likelihood function. The open form approach suffers convergence if the
initial random aircraft position is far from the actual aircraft position (Chaitanya, Kumar, Rao, & Goswami, 2015).
Algebraic manipulations are used in the closed-form approach to obtain the linear relationship between the two variables
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(Weng, Xiao, & Xie, 2011; Yaro, Sha’ameri, & Kamel, 2017). It does not suffer convergence issue as on randomly input
aircraft position is used but very sensitive to error in the input variable (Yaro et al., 2018). The closedform approach to
the development of the lateration algorithm is mostly used in passive real time system which the MLAT system is an
example. For this reason, the closed-form approach to the lateration algorithm is adopted in this paper.

Several aircraft exist within the FIR assigned to an ANSP which result in multiple TDOA measurements estimated
at GRS pairs (Scheuing & Yang, 2008). To estimate each aircraft position, the TDOA measurements obtained from GRS
pairs need to be grouped according to aircraft in a process called TDOA measurement association. Several articles have
reported on different approaches to TDOA measurements association (Amishima, Wakayama, & Okamura, 2014; Herath,
Pathirana, Champion, & Ekanayake, 2012; Jamali-Rad & Leus, 2013; Lee, Lee, Yang, Lee, & Hwang, 2016; Li & Li,
2014; Xionghu Zhong & Hopgood, 2015). According to (Herath et al., 2012), a minimum of four GRSs is required to
uniquely localize more than one aircraft using the MLAT system within the FIR of a ANSP. A fingerprinting TDOA
measurement based association technique is developed in (Jamali-Rad & Leus, 2013). Every aircraft position has a unique
TDOA measurement set. A database is developed that contains predetermined TDOA measurement set of an aircraft at
several positions within the defined MLAT system coverage. The association technique developed in (Li & Li, 2014) is
based on the nearest neighbour search algorithm and on the assumption that multiple TDOA measurements of an aircraft
are available within a single observation window. Beside associating the TDOA measurements to the aircraft, some
techniques first associate the signals to each aircraft afterwards obtain the TDOA measurements (Xu, Chen, & Jiang,
2013). This is possible if some unique properties related to each aircraft can be derived from the signal such as carrier
frequency, modulation type, pulse width and pulse amplitude.

In this paper, a multi-reference TDOA association (M-RETA) technique is developed under the assumption that all
TDOA measurements are obtained at a single time instance from multiple aircraft all operating at the same downlink
frequency. It is based on multiple referencing approach to TDOA estimation using a total of four deployed GRSs, TDOA
measurement zero cyclic sum property and nearest neighbour search approach. The M-RETA technique is verified
considering an aircraft configuration with a minimum aircraft pair separation of 5.5 km in accordance with the FAA
horizontal separation standard (Sha’ameri, Yaro, Amjad, & Hamdi, 2017). After the TDOA measurements have been
associated to each aircraft, their positions are obtained using the multiple reference closed-form lateration algorithm
developed in (Yaro et al., 2017).

The remainder of the paper is organized as follows: Section 2 gives a description on the TDOA measurement
estimation considering multiple aircraft. This is followed by the methodology for the developed M-RETA technique, the
condition for TDOA measurement association error and a brief description on multiple reference closed-form lateration
algorithm developed in (Yaro et al., 2017). The simulation result and discussion presented in Section 4 and finally the
conclusion in Section 5.

2. TDOA Measurement Estimation in Multiple Aircraft Scenario

Within an observation window, signals from multiple aircraft are captured at all deployed GRSs resulting in multiple
TDOA measurements between GRS pairs. The information contained in each signal such as aircraft identification,
position and aircraft velocity are different. Thus, the assumption of statistical independence of signals from different
aircraft is valid. Therefore, for N observed aircraft, N TDOA measurements are estimated by each GRS pair.

For simplicity, consider the (n — 1) — th and the n — th aircraft with coordinates Xen-1 = (xen-1, Yen—1, Zen—1) and
Xen = (Xen, Ven, Zen) respectively. Within an observation window of 0 < t < T, the signal transmitted by these aircrafts
are captured at two GRSs labelled i — th and m — th with coordinates as shown in Fig. 1.

X, (E—T;p)
£alt— o) Tt (6= Tmn-1)
GRS — ith GRS — mth

Fig. 1 - TDOA measurements from multiple aircraft scenario.
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The signals at the i-th and m-th GRS pair can be mathematically expressed as:

‘ri (I) = "‘-rr—].(Jr - z-r'_re—l ) + Xn ([ o rf,h‘ ) (18)

Ko (f) = X (f o r‘m,n—l ) + X (T - Tm,n) (lb)

where Tin—1 and 7. are the time of arrival (TOA)s in second of signal transmitted by the n — th and (n — 1) — th
aircrafts respectively detected at the i-th GRS while tmns-1 and tm» are the TOAs of signal transmitted by the n — th and
(n — 1) — th aircrafts respectively at the m-th GRS. The TOA is the time taken by the signal to propagate from the
aircraft to the GRS.

The peak of the result of the cross-correction between (t) and xm(t) in Eq. (1) is (Marmaroli, Falourd, & Lissek,
2012):

Rr‘m (r)= R(T_Tfm.n—l)+R(r_rr‘m.n) (2)
where:

Z-r'm,n—l = Z-r'_n—l - rm,n—l (33)

T:'m_n = Tf,rr - rm,n (?’b)

are the TDOA measurement of the (n — 1) — th and n — th aircraft respectively obtain using the i-th and m-th GRS
pair.
The TDOA measurements in Eg. (3) can be put in a vector form as follows:

T:'m = I:T:'m,n 12 rr'm,u] (4)

Noise present in the received signal results in TDOA measurement error. By modelling the TDOA error as a zero
mean Gaussian random variable with probability density function (pdf) as N(0, o), the estimated TDOA measurement
vector in Eq. (3) is written as:

Fr:'rrr = ‘:ffm.n—l ? z:a'lln'_r! :| (5)
where
nr’m.n—l = z-a'm.n—l + ‘NT( 0 O-n—l ) (63)
im,n = z—r'm_n +‘?\r(0‘ O'” ) (6b)

and on—1 and a» are the TDOA error standard deviation (SD)s in obtaining the TDOAs of the (n — 1) —thand n —
th aircrafts which depends in the SNR of the signal transmitted by either aircraft detected at the i-th and m-th GRSs. For
the n —th aircraft, the o in second is related to the SNR in dB as (G. Galati, Leonardi, Mantilla-Gaviria, & Tosti, 2012):

o (5):;/§><\/(10_{

where B is the bandwidth of the receiver in Hz, SNR[' and SNR7, respectively are the received SNR at i-th and m-th
GRS pair of the signal transmitted by the n — th aircraft.

With a total of L GRSs, the number of TDOA measurement vectors in the form of Eq. (5) depends on the number of
GRSs used as reference for estimating the TDOA measurements. For instance, using single GRS as reference will result
in L — 1 TDOA measurement vectors (Mantilla-Gaviria, Leonardi, Galati, & Balbastre-Tejedor, 2015). To obtain the
position of all N aircrafts, there is a need to associate the TDOA measurements from all GRS pairs to each aircraft. The
TDOA measurements identified to belong the same aircraft are subsequently sent to the lateration algorithm for use to
estimate the aircraft position. In the next section, the methodology for the proposed M-RETA technique is presented.

0.1<SNR]' ) N 10—{0 1%SNRD _)) D
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3. Methodology

In this section, a detail description of the proposed M-RETA technique is presented with is followed by the condition
for TDOA measurement association error. Finally, a brief description on multiple reference closed-form lateration
algorithm used in the position estimation (PE) of the aircraft.

3.1 M-RETA Technique Development

As stated earlier, 3-D multilateration system with the minimum configuration is considered. Let there be a total of N
aircrafts within the flight information region and a copy of the signal from each aircraft is captured within the observation
window. With the i-th and j-th GRS pair as reference, the generated TDOA measurement vector with the m-th and k-th
as non-reference GRS in the form of Eq. (5) are described as follows:

T, = [f;m,l T2 TA;m,NiI (®)
T, = [fjm’l, JUPRILR fjm___?\r] 9)
T, = [z:;'k,r (ZPIEL ‘Efk__N] (10)
Tj}c :Iiz:jk,l’fjk__Zf‘“"fj}c,N] (11)

wherei=m=#j+#*kandn=[12,--,N].

Using Eg. (8) and Eqg. (9), a TDOA difference matrix can be obtained as follows:

Ay 4y,
T,= @ . (12a)
au:l e a:.‘,v
where
ar.r,v = im,u - z-_,;r';r;':r_.v (lzb)

fori1<u<N,1<v<N, timu€ Tim and Tjrr’{,ve ij

Another TDOA difference matrix can be obtained using Eq. (10) and Eq. (11) as follows:

b, - b

Lp
T,= : . (13a)
bo_l bo,p
where
bo,p = Tr‘k,o - T_;‘k__p (13b)

for1<o<N,1<p<N, Tiro€ Tix and Tjip € Tjx

The matrix Tim is obtained using the TDOA vector T: and Tj» while matrix Ty is obtained using the TDOA
vectors Ti and Tjx. The entries of these matrices are element-wise subtraction between the two vectors used in obtaining
them. Consider the TDOA measurement vector pair s» and T;= in Eq. (8) and Eq. (9) respectively and let

TimTim and Tjmne Tjm be the TDOA measurement of the n — th emitter. The difference between im, » and Tjm, will
result in another TDOA measurement ti» as follows:

z_im;n ij,n - Tij;n (1 4)
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Expanding the left-hand side of Eq. (14) will result in:

Tin " Ton 7‘1—_},?? + Tm;; = z-;fj,n (15b)
z-.'}n _Tj,n = rc'j,n (ISC)
Tijn = Tijn (15d)

From Eq. (15d), the left-hand side of the equation is equals to the right-hand side of the equation. Based on the TDOA
measurement zero cyclic sum property defined in (Scheuing & Yang, 2008), the TDOA measurements Tim,, Tjm, n and Tijn
in Eq. (14) belongs to the n — th aircraft. This is also the same for the TDOA measurement vector pair

Ti and Tjx in Eq. (10) and Eq. (11) respectively in which

ffp’(,n _fﬂc,n = rrj,n (16)

Tin €T, (17)

where Tikne Tie and tjkne Tk
If the result from the left-hand side in Eq. (15d) is the same as that in Eq. (16), it means that ik, and tjkx also
belongs to the n — th aircraft. The TDOA measurement 7, in Eq. (14) and Eq. (16) can be seen to be obtained using the

i-th and j-th GRS which are earlier considered as the reference GRS for the TDOA estimation. Thus, another TDOA
measurement vector, T;; using the i-th and j-th GRS is then obtained thus,

Based on Eg. (12) to Eq. (17), it can be concluded that

F‘rij - ’[;'fm (18)
T, C T, (19)

To associate the TDOA measurement to an aircraft whose TDOA measurements are in the vectors Tim, Tjm, Tik, Tk
and Ty, take the first entry of TDOA vector T;; and search for this value in matrices i;m and Ty in Eq. (12) and Eq. (13)
respectively. Due to error in the TDOA measurements, the likelihood of finding the exact value in the matrices Tim and
Ty is very low. A possible way is the use of the nearest neighbor search approach in which the pair of TDOA
measurements with the least residual are said to be the same. For this reason, a residual matrix is generated using the
selected TDOA measurement from the vector Ty;. The residual matrices for the n — th TDOA measurement, Tijn € T
generated using matrices Tym and i« in Eq. (12) and Eq. (13) respectively are as follows:

‘L1 Civ
AT, =| : . (20)
Cu,l Cu,v
dl.l dl,p
AT, = : . 21)
do_l do,p
where
Cu,v = T:j,n _au v (223)
dOuU I _bo,p‘ (22b)
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The ¢y, and dop in Eq. (22) with the least value are nearest to Tijn, The TDOA measurement pairs in the matrices
Tijm and Tikin Eq. (12b) and Eq. (13b) used in obtaining cy, and dop in Eq. (22) belongs to the same aircraft. These TDOA
measurements are subsequently sent to the localization algorithm for the PE. Summary of the proposed TDOA
measurements association algorithm is as follows:

i.  Generate the matrices Tim and Ty in Eq. (12) and Eq. (13) respectively.

ii.  Take the first TDOA measurement entry in the T;; vector and generate the residual matrices in Eg. (20)
and Eq. (21).

iii.  Select the TDOA measurements a., and bo, from Eq. (22) that resulted in the entries of the residual
matrices in Eq. (20) and Eq. (21) with the least value.

iv. Identify the TDOA measurement pair subtracted used to generate a., and bo, from (iii) using Eq. (12b)
and Eq. (13b) respectively.

V.  The two pairs of TDOA measurements from (iv) belongs to the same aircraft which are subsequently
sent to the lateration algorithm to obtain it position.

vi. Take the second entry of the T;; and repeat (ii) to (v) to estimate the position of the second aircraft.
Continue (ii) to (v) till all entries in the vector T; are used.

3.2 TDOA Measurement Association Error Condition and Probability

The TDOA measurements in Eq. (5) are obtained without knowledge which TDOA measurement belongs to which
aircraft. Due to the geometrical relationship between TDOA measurement and aircraft location, closely spaced aircraft
will have their estimated TDOA measurements close together. This will increase the likelihood of the two TDOA
measurements to be miss-associated resulting to a TDOA association error. A TDOA association error occurs when
TDOA measurement which does not belong to an aircraft is identified to belong to that aircraft. This usually occur when
the aircraft are closely spaced to the extent that their TDOA error probability density distribution (PDF)s have an
overlapping region (region A and region B) as shown in Fig. 2.

r'y 6g,~r = Irg.:l—L . Tg.nl

¢ sl
M i

legend

TDOA error PDF (n-1)-th aircraft
~———  TDOA error PDF n-th aircraft

Tgn-1+T
gmn—1 gn
Yo=—7"—>5—

gelim, jm, ik, jk|

Region A

0 Tg.n-1

le
i >

304n-1

Fig. 2 - TDOA error PDF distribution of the (n — 1) — th and n — th aircraft

The PDFs shown in Fig. 2 are mathematically expressed as:

p(el..m) —exp| | || o gelim, jm, e, 1] (23)
el )T — - — or gelim, jm, ik, 23
z.n-1 "gr 2 G-&'Pf‘l
1 (-7, Y
W1t )= ————==exp| —— ' 24
}{ ‘ g) c., 27 g 2[ o, J 24)
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Given the TDOA error SDs and the mean TDOA values, Eq. (25) is used to determine if the overlapping region given
as region A and region B as shown in Fig. 2 is created.

< ::(crg_”_1 +crg_”) (25)

If the absolute difference between the mean TDOAs of the (— 1) — th and n — th aircraft is less than the three times
the summation of the TDOA error SDs, the overlapping region is created. After it is determined that the overlapping
region is created, next is to determine the probability of TDOA association error. This is given by the area of the
overlapping region. The area of the overlapping region A from Fig. 2 is mathematically obtained as:

P(ez,,,)= P(fg_”

&

r

g-”—l) - _Ep(r

rg_”_l)dr (26)

and that of region B is:

P(e‘ Ten ) =P (1:3_”_1‘ Ten ) = jiP(T| Ton )dT (27

Thus, the TDOA association error probability for a given TDOA measurement vector is mathematically obtained as:

Ps = P(e\ Ty ] + P(e\ z,, ) (28)

assoc _ermor

The PE error obtained by the lateration algorithm is either due to the TDOA association error of the M-RETA
technique and or TDOA estimation error. Therefore, the probability that the PE error obtained by the lateration algorithm
is due the TDOA association error is mathematically obtained as:

1, . | |
P.; i (P”’” + P +Pr + Pk ) (30)

_ass0C _ error ass0C _ error AsSSoC _ error dASS0C _ error aisoc_error

while the probability that the PE error is due to TDOA estimation error is:

P =1-P (31)

PE _TDOA_ ervor PE _assoc_error

The Eq. (30) and Eq. (31) are to be used to determine the performance of the M-RETA technique presented in
Subsection 3.1 when coupled with the lateration algorithm.

3.3Multiple reference closed-form lateration algorithm

After the TDOA measurements for each aircraft has been identified, the next step is to estimate the position of the
aircraft. Let Tim,n, Tjm, Tikn, and Tjkn be the grouped the TDOA measurement obtained by the M-RETA technique for
the n — th aircraft. The TDOA measurements are related to the aircraft positions as follows:
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JGow =) + (=) +(2.—2)
G —x,) (=2, ) (2 -2, )

R )()( i

= x (33)

T.
[ (Y (TS N G RS
L (NG =% ) (v =3 ) (2 -2

= x (34)

G —x ) (=2 ) + (2 =2 )
L (NG =5 ) (e =2,) (22, )

T = x (35)

k.
JKk.n -

NG (=2 ) (-2 )

(32)

im.n

Tike.n

where: Xen = (Xen, Ven, Zen) 1S the location of the n-th aircraft; ¢ =3 x 109, while si= (x;, y;, zi), sj= (xj, Vj, zj),

sm= (Xm, ym, zm) and sk = (xx, Y, zr) respectively are the locations of the i-th, j-th, k-th and m-th GRSs.
Algebraically manipulating Eq. (32) to Eq. (35) as previously done in (Yaro et al., 2017) results in a pair of 3-D plane
equations presented as follows:

A = X, 1By + Vs nCin + 205 Dy (37
‘451",?; = ‘re:?fok +ye ??C & T Zon grk {38}

where the coefficients of Eq. (37) and Eq. (38) are functions of the TDOA measurements and GRS coordinates
which can be found in (Yaro et al., 2017).

The subscript “ijm” and “ijk” in the coefficients of Eq. (37) and Eqg. (38) respectively indicates that the resulting
variable is from the measurements obtained using the i-th and j-th GRS as reference station respectively with the m-th or
k-th as non-reference GRSs. A detailed derivation of Eq. (37) to Eq. (38) and how the coordinates of the aircrafts are
obtained using the pair of equations can be found in (Yaro et al., 2017).

4  Simulation Result and Discussion

The performance of the M-RETA technique developed in sub-section 3.1 presented in this section of the paper. Its
performance is presented in terms of probability of correct PE based on Eq. (30) and Eq. (31). Firstly, the simulation
parameter is presented which is followed by the variation of the TDOA error SD with the aircraft position. The probability
of correct PE by the M-RETA technique is subsequently presented and lastly, the PE error obtained by multiple reference
closed-form lateration algorithm is presented.

4.1 Simulation Parameter

The performance of the M-RETA technique is evaluated considering civil aviation surveillance. The system
parameters which include that of the aircraft transponder and ground station system is presented in Table 1.

Table 1 - Aircraft transponder and ground station system parameters

Parameter Values
. Antenna gain Peak 3 dBi
Aircraft transmit power 250 W

transponder
Operating frequency 1090 MHz

Antenna gain 12 dBi

Ground Sensitivity -95 dBm
system Antenna height 200 m

Receiver bandwidth 20 MHz
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A five-square aircraft flying configuration is considered in evaluating the performance of the M-RETA technique
with a minimum horizontal lateration separation of about 5.5 km in accordance with FAA standard. Fig. 4 shows the
geometrical position of each aircraft while Table 2 shows the position of each rectangular coordinate system. The
minimum separation between any given aircraft pair based on the configuration shown in Fig. 3 is 5.5 km which is
between aircraft A and any of the remaining aircraft.

80

QO aircraft A
X aircraft B
¢ O aircraft C
.75 V aircraft D
£ + aircraft E
3
270 v o x
B2
Qo
Q
?
> 85 +
60
60 65 70 75 80

x-coordinate (km)

Fig. 3 - The five-square aircraft flying configuration geometrical positions

Table 2 - Aircraft positions in rectangular coordinate system

Position
Aircraft X y V4
(km) (km) (km)
A 70 70
B 75.5 70
C 70 75.5 7
D 64.5 70
E 70 64.5

The configuration of the deployed GRSs contributes to the PE accuracy of the aircraft PE algorithm presented in
section 3.3. According to Chan et al (Chen, Francisco, Trappe, & Martin, 2006), the best configuration for a total number
of 4 GRSs is the square configuration and in this research, the 10-km square shape GRS configuration is adopted with

each GRS at the vertex (Yaro & Sha’ameri, 2018; Yaro et al., 2017). The distribution of the GRSs are shown in Fig.
4,

@® GRs1

10t W GRs2
0 Y GRS 3
2 gl ® * ¥ GRS4
2
g o0
2
[o]
g 5 | *x
>

10t

-15

-15 -10 -5 0 5 10 15
x-coordinate (km)

Fig. 4 - Distribution of the GRS in square configuration

The five-square flying aircraft configuration considered in this paper for the analysis can be seen to be on the top
right quadrant of the GRS four square configuration. It is presented in (Yaro et al., 2017) that the choice of GRS reference
pair for TDOA estimation contributes to the PE accuracy of the lateration algorithm. The best GRS pair to use as reference
to estimate the position of the aircraft in the top right quadrant of the GRS configuration as shown in Fig. 4 is GRS pair
1 and 4 that isi = 1and / = 4. Thus, all the possible combination of GRS pairs to generate the TDOA measurement
vectors in Eqg. (8) to Eq. (11) are shown in Table 3.
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Table 3- All possible GRS pair generation of TDOA measurement vector
Non-reference GRS pair

GRS pair
k=2 k=3
Reference § =1 Pair 1 Pair 2
GRS pair j =4 Pair 3 Pair 4

4.1 Variation of TDOA Error SD with Aircraft Position

At 7 km altitude, there is line of sight between each aircraft to all the GRSs for this reason, the free space path loss
model is considered for the SNR calculation. Using Eq. (7), the TDOA error SD of each aircraft obtained using each of
the GRS pair combination presented in Table 3 is shown in Table 4.

Table 4 - TDOA error SD for different GRS pair combination

TDOA SD at GRS pair
Aircraft (nsec) position
Pair1 Pair2 Pair3 Pair4

2.55 2.45 2.65 2.55
2.86 2.77 2.95 2.86
2.46 2.36 2.55 2.46
2.26 2.17 2.35 2.26
2.66 257 275  2.66

mOoO wm>

Based on the aircraft configuration shown in Fig. 3 and using the system parameter as shown Table 1, the maximum
TDOA error SD is 2.95 nsec and the minimum is 2.17 nsec. The graphical representation of the error free TDOA
measurement vectors that is T12, T13, T42 and T3 based on the aircraft flying configuration in Fig. 3 is shown in Fig. 5.

T T T T r T T
—=© Aircraft A — Aircraft A
05 Q@ Q Q| —© Aircraft B | 1 05F (o} o] QO | —6 Aircraft B |
Aircraft C Aircraft C
—© Aircraft D —© Aircraft D
——O Aircraft E ——© Aircraft E
0 L L 0 1 . L 1 L L . .
2.35 24 2.45 25 -2.38 -236 -2.34 -232 -23 -228 -226 -224 -222 -22
TDOA measurement (nsec) «104 TDOA measurement (nsec) «10%
(a) (b)
——© Aircraft A ——© Aircraft A
05F Q @ Q| —© Aircraft B | 051 Q o] Q| —o Aircraft B |
Aircraft C Aircraft C
—=© Aircraft D —© Aircraft D
—© Aircraft E —© Aircraft E
0 | | i 0 L . L . L . . .
235 2.4 2.45 25 -2.38 -2.36 -2.34 -2.32 -2.3 -2.28 -2.26 -2.24 -222 -2.2
TDOA measurement (nsec) 104 TDOA measurement (nsec) x10*
(c) (d)

Fig. 5 - Graphical presentation of TDOA measurement vectors: (a) Vector Tz, (b) Vector Tis, (c) Vector Taz,
and (d) Vector Ta3

The TDOA measurement pair with the least absolute difference (8:) have a higher chance of been wrongly associated
when estimated in the presence of noise. The TDOA measurements of aircraft C and D from TDOA measurement vectors
T12 and T13 have the least absolute difference values of about §12.= 4.67 nsec and §13,.= 0.67 nsec respectively. Likewise,
from TDOA measurement vectors Ts2 and Tas, the TDOA measurements of aircraft B and E have the least absolute
difference of about §42.= 4.67 nsec and §43.= 0.67 nsec. This means that in TDOA measurement vectors T12 and Tis, the
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TDOA measurement of aircraft C and D have a higher chance of been wrongly associated so also the TDOA
measurements of aircraft B and C in vector Taz and Tas.

In the next section, using the TDOA error SD, the probability of an association error in each of the TDOA
measurement vector is determined.

4.2 M-RETA Technique Probability of Correct Aircraft Position Estimation

By considering the TDOA measurement pair with the least absolute difference in vector T12 from Fig. 5 which are
from the aircraft C and D, the value of §12,.= 4.67 nsec. The TDOA error SDs at these two aircraft positions from Table
4 using GRS pair 1 are o12,.= 2.46 nsec and g12,4= 2.26 nsec respectively. The result of three times the sum of the two

TDOA error SDs is 3(012, + 012,4)= 14.16 nsec. Since 12+ < 3(012c+ d124) for the TDOA measurements of aircraft C
and D in vector Tiz, it means that the overlapping regions given as region A and region B as shown in Fig. 2 are created.
Based on Eqg. (28), the TDOA association error probability in the TDOA measurement vector T12 that is Passoc!? err IS
3%. This means is that there is a probability of about 3% that two estimated TDOA measurements in vector T12 will be
wrongly associated and these measurements are from aircraft C and D.

Extending the analysis to vectors Tis, T42 and Tas, for the least absolute TDOA measurement differences of §13=
0.67 nsec, 42,= 4.67 nsec and §43,.= 0.67 nsec respectively. The three-time sum of their TDOA error SDs are about
13.59 nsec, 17.10 nsec and 16.56 nsec respectively. For the TDOA measurement vectors Tiz, T4z and Tsz, the
overlapping region is created, and this will lead to an association error. The TDOA association error probability in the
TDOA measurement vectors T13, T4z and T4z are obtained as 19%, 4% and 20% respectively. This means that in vectors
T3, T42 and Tas, there is a probability of about 19%, 4% and 20% that two estimated TDOA measurements in each vector
are wrongly associated. In vector Ti3, the TDOA measurements are from aircraft C and D while in vectors T4z and Tas
the TDOA measurements are from aircraft B and E.

Base on Eq. (31), the probability that PE errors in estimating the positions of each of the aircraft in the flying
formation as shown in Fig. 3 is due to an association error by the M-RETA technique is Ppe_assoc_error=12%. This means
that 88% of the time, the PE error obtained by the lateration algorithm coupled with the M-RETA technique is due to the
TDOA estimation error. In the next section, using the TDOA error SDs shown in Table 4 for the different aircraft positions
and GRS pairs, the estimated aircraft positions using the lateration algorithm in section 3.3 are determined.

4.3 Multiple Reference Closed-form Lateration Algorithm Position Estimation Error

The estimated aircraft positions using the TDOA measurements associated by the M-RETA technique in Section 3.1
is determined using the aircraft positions shown in Fig. 3 and the TDOA error SDs shown in Table 4. For each aircraft
position, the position root mean square error (RMSE) is obtained after 500 realization Monte Carlo simulation. Fig. 7
shows the estimated and the actual aircraft positions based on the geometrical locations of each aircraft as presented in
Fig. 4.

8o QO estaircraft A
— X estaircraft B
Es o O estaircraft C
'E; ¥ estaircraft D
© + estaircraft E
-% 70 v Q x O act aircraft A
] X act aircraft B
$ 65 + O act aircraft C
> WV act aircraft D

+ actaircraft E

60

60 65 70 75 80
x-coordinate (km)
(a)
7.004
— 7.002
= v 9"
o
L 7 v a@ X
=
= x
© 6.998
o
6.996
60 65 70 75 80
x-coordinate (km)
(b)
Fig. 6 - Comparison between estimated and actual aircraft position; (a) Horizontal coordinate; (b) Altitude
position
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From Fig. 6, the position RMSE of the lateration algorithm varies with the aircraft positions. The horizontal position
RMSE for aircraft at positions A, B, C, D and E are 3.3 m, 3.5 m, 10 m, 0.8 m and 4.8 m respectively. The altitude
RMSE are 0.86 m, 7.4 m, 5.2 m, 3.9 m and 6.8 m for aircraft at positions A, B, C, D and E respectively. Based on the
M-RETA performance analysis earlier presented in section 4.2, the deviations in the actual position of each aircraft that
is the position RMSE is 12% due an association error and 88% due to TDOA estimation error.

5 Conclusion

In this paper, a M-RETA technique is developed for the minimum configuration 3-D multilateration system. The
technique is based on multiple reference approach for the TDOA estimation, the cyclic sum property of the TDOA
measurements and nearest neighbor search algorithm. The condition for a TDOA measurement association error
established based on separation of aircraft and TDOA error SD. The grouped TDOA measurements by the M-RETA
technique from 5 aircraft with a minimum horizontal lateral separation of about 5.5 km are used as input to the multiple
reference closed-form lateration algorithm. Simulation result shows the position RMSE obtained by lateration algorithm
due to an association error by the M-RETA technique is about 12%.
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