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Abstract

This research, a semi analytical solution called differential transform
method (DTM) used to solve arms race model problem. With the help of
Maple 2023, the approximate solution of the arms race model equations
was obtained. Using this method to the arms race model proved that the
computation works can be reduced and save amount of time. The
numerical results derived by DTM are compared to the exact solution
which included with all the arms race model equation. The results
indicate the efficiency of DTM in solving non-linear DTM on the specific

Differential Equation. characteristic for every equation. DTM success in solving two examples
for arms race model, emphasizing its simplicity in tackling differential

problems with minimal computational work.

1. Introduction

This research’s primary objective is to investigate the potential applicability of the differential transform method
(DTM) in solving the arms race model problem. The aim is to delve into the arms race model equation,
employing the DTM as a tool for analysis to derive an analytical solution. Through rigorous examination and
mathematical scrutiny, 1 aspire to elucidate the effectiveness of the DTM in comparison to other existing
techniques, ultimately gauging its efficiency in providing precise solutions to the intricate dynamics inherent in
the arms race model. This research endeavours to contribute valuable insights into the realm of mathematical
modelling and solution methodologies, particularly focusing on the arms race model, thereby advancing our
understanding of complex systems and optimization techniques.

The DTM, initially introduced by Zhou (1986), offers a distinct approach to address various differential and
integral equations [1]. Unlike the conventional high-order Taylor series, DTM does not necessitate symbolic
computations of derivative functions. Its unique advantage lies in providing an alternative to the Taylor series,
demonstrating greater accuracy in certain scenarios. Over time, DTM has undergone significant development
and adaptation. It proves effective for both linear and non-linear systems, encompassing a spectrum from low-
order to higher-order ordinary differential equations. The method's capability to convert differential equations
into algebraic ones, coupled with its computational efficiency and flexibility, positions DTM as a pivotal tool in
scientific research and engineering domains.

This paper delves into solving the arms race model using the DTM, focusing on comparing military strengths
between two or more countries, such as the historical rivalry between Germany and Great Britain in World War
I. The model encapsulates a first-order ordinary differential system, predominantly employed for data analytics
to assess military capabilities [3]. In this context, the analysis centers on two countries, labelled as 'x' and 'y'. The
model evaluates the impact of incentives for arming and constraints against it, primarily gauged by changes in
armament levels. This arms race framework has been instrumental in mathematical modelling, notably aiding
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data analysts in juxtaposing military might, as exemplified during the Cold War between the United States and
the Soviet Union [4]. Utilizing this model, nations can strategize and optimize their military capabilities based on
collected data and insights. Other previous studies were done in mathematic application in worldwide according
to various fields of studies [5, 6].

2. Research Methodology

The DTM is used to solve two systems regarding the application of system of first-order ordinary differential
equation which is arms race model.

2.1 Mathematical Model

2.1.1 Arms race model

The system of arms race model considers as below [7]

dx

a:ky—a)("rg (1)
dy

E—Ix—ﬂyﬁ‘h (2)

where x and y represent the amount of weaponry at time, t for country 1 and 2 respectively. k and / represent the
efficiency increasing the armaments of x and y respectively. « and S represents factor. g and h are grievance

constant. The initial condition follows the problem value for each equation.

2.1.2 Differential Transform Method

The one-dimensional differential transform function is defined as follows:
1] &

C(k):ﬁ{ﬁc(x)}xo 3)

where C(X) is the original function and C(Kk) is the transformed function.

The differential inverse transform of C(k) is defined as follows:
k=0
The fundamental operation performed by differential transformation as follow in Table 1.

Table 1 The fundamental operation performed by differential transform.

Original functions Transformed functions
c(t)=u(t)£v(t) C(k)=U(k)=xV (k)
c(t)=au(t) C(k)=aU (k)

0

c(t)=—u(t) C (k)= (k+1)u (k+1)

c(t):st—rru(t) C(K) = (k+1)(k+2)...(k+T)U (k-+T)
(1) =u(1)v(1) C(l)=30(rV (k)

o(t)=e" C(k):ﬂk—:

()= (11" c(k)= m(m—l).i(.Em—k+1)

¢(t) = sin(at + ) c(k):‘l‘(’_:sin(”z—'?mj

e
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o(t) = cos(at+a) c(k)=‘|‘(’_:cos(%+aj

3. Results

The application with initial condition is discussed to solve the application system. Arms race model denoted as
example 1 and example 2 are the non-homogenous system. The exact solutions are solved by using Maple
(2023). The application will be solved numerically using DTM. The results will also be calculated using the same
software. The graph will be plotted by using Microsoft Excel.

3.1 Example 1
Consider the system [5],

dx
E = 4y —3x+2 (5)
dy _
a =2X— y+ 2 (6)
with initial condition x=4,y=1.
Given the exact solution
X(t) = 4e' +2e70 —2 (7)
y(t) =4e' +e"0 -2 (8
By applying the DTM to the system, we get
_4y(k)—3x(k)+2
X(k+1) = BRI 9
_2x(k)-y(k)+2
y(k +1)_—k+1 (10)

do the calculations using Maple (2023) by replacing k =0, x(0), and y(0),
4y(0)-3x(0)+2

x(0+1) =
0+1
X(1) = -6 (11)
_2x(0)-y(0)+2
S P (12)
y@)=9

continue the calculation using k=1, k=2, k=3, k=4 and k =5. The calculations stop at k =5because for the
k =6 and further make subtle change to the end results.

Table 2 Numerical solution by using DTM

K X(k+1) Y(k+1)
0 4 1
1 -6 9
2 28 19
2
3 -40 45
2
4 53 201
8
5 13 213
2 8
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6 o4 s

apply Taylor’s series for X,

A 2 A3 4_13 5 64
x(t) =4 —6t+28t° —40t° +53t Et +—t (13)
apply Taylor’s series for y,
y=l+9t—§t2+§t3—£1t4+§t5—£1t6 14
2 8 8 48 (14)

Evaluate both Taylor’s series for both x and y to get numerical results (evaluate using maple). Plot the graph for
comparison between the exact solution and DTM solution.

3.1.1 Numerical results

The DTM is used to find numerical results of example 1. The results are calculated using Maple (2023) software.

Table 3 Numerical results of example 1 for x

X Exact Value DTM Value [Exact - DTM/
(X) (X) (X)
0 4 4 0
0.1 3.64526 3.64526 0
0.2 3.68409 3.68409 0
0.3 4.06906 4.06906 0
0.4 4.89762 4.89762 0

Table 4 Numerical results of example 1 fory

y Exact Value DTM Value |Exact - DTM|
() () ()

0 1 1 0

0.1 1.81415 1.82525 0.01109

0.2 2.51773 2.56792 0.05019

0.3 3.17631 3.30911 0.13281

0.4 3.83196 4.12375 0.29179

e
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Fig. 1 Comparison DTM and exact solution

3.1.2 Discussion

In example 1, there is no error for x which represent country 1. Whereas for Y there was error at Y = 0.1 with
0.01109 difference, Y = 0.2 with 0.05019 difference, Y = 0.3 with 0.13281 difference and at point Y = 0.4 with
0.29179 difference with the highest error at point Y = 0 .4. We can clearly see that the DTM can produce results

that closely approximate, or even match, the exact solution, since there is only a slight difference, less than 1.0
for all the absolute errors.

Example 2
Consider the system [8],
dx
E =y- 3x+3 (15)
dy
EZZX—4y+8 (16)
with initial condition x =12,y =15.
given the exact solution
R a2
X(t) = 3e —3e +2 (17)
32, 4
y(t)_?e —ge +3 (18)
by applying the DTM to the system, we get
_y(k)—3x(k)+3
x(k+1) =T oL (19)
_ 2x(k)—4y(k)+8
y(k+1)——k+l (20)

do the calculations using Maple (2023) by replacing k =0, x(0), and y(0),
y(0)—3x(0) +3

x(0+1) =
0+1
x(1) = 18 (21
y(0+1) = 2x(0)-4y(0)+8
0+1
y(1) =28 (22)

continue the calculation using k=1, k=2, k=3, k=4 and k =5. The calculations stop k =5 at because for the
k =6 and further make subtle change to the end results.
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Table 5 Numerical solution by using DTM
k X(k+1) Y(k+1)
0 12 15
1 -18 -28
2 29 42
2
3 1 131
2 3
4 253 551
24 12
5 1933 787
120 20
6 1129 11857
80 360
apply Taylor’s series for X,
x(t):12—18t+—t2+1t3—@t“+@t5—@t6 (23)
2 2 24 120 80
apply Taylor’s series fory,
X(t) =15 28t + 4212 - 232y SLye 7875 11B5T o (24)
3 12 20 360

Evaluate both Taylor’s series for both x and y to get numerical results (evaluate using maple). Plot the graph for
comparison between the exact solution and DTM solution.

3.2 Numerical results

The DTM is used to find numerical results of example 1. The results are calculated using Maple (2023) software.

Table 6 Numerical results of example 2 for x

Exact Value (X)

DTM Value (X)

|[Exact — DTM| (X)

0.1
0.2
0.3
0.4

12
10.32877
8.90483
7.70524
6.70262

12
10.34459
8.97138
7.86197
6.98928

0
0.01582
0.06656
0.15673
0.28666

Table 7 Numerical results of example 2 for y

Exact Value ( y )

DTM Value ( y )

|Exact - DTM |( ¥ )

0.1
0.2
0.3
0.4

15
12.54184
10.64059

9.15150
7.97329

15
12.58056
10.79365

9.50131
8.63276

0
0.03873
0.15306
0.34982
0.65947

e
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Fig. 2 Comparison DTM and exact solution

3.3 Discussion

In example 2, there is slightly error for x at point x= 0.1 with 0.01582 difference, x = 0.2 with 0.06656
difference, x = 0.3 with 0.15673 difference and the highest error at point x = 0.4 with 0.28666 difference.
Meanwhile for y there was error at y = 0.1 with 0.03873 difference, y = 0.2 with 0.15306 difference, y = 0.3

with 0.34982 difference and at point y = 0.4 with 0.65947 difference with the highest error at point y =0.4. We

can clearly see that the DTM can produce results that closely approximate, or even match, the exact solution, since
there is only a slight difference, less than 1.0 for all the absolute error.

4. Conclusion

In conclusion the DTM successfully solved the system of ordinary differential equation. In this research, it has
been proven that DTM indeed can solve the Arms race model equations. Since approximate solution by DTM is
close to the exact solutions, therefore the application of the DTM proves to be a valuable and efficient approach
in solving complex mathematical and engineering problems, offering a reliable alternative for obtaining accurate
results in situations where exact solutions may be challenging to derive. Several recommendations can be made
to improve the accuracy and efficiency of DTM for further study. Make an improvement of the algorithm and
coding of DTM to obtain more accurate solution and compare the end results with other methods to improve the
DTM to saving differential equations.
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