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Abstract

Mathematical modelling translates real-world scenarios into
mathematical expressions, such as equations, to represent the
dynamics of a system. This approach enhances the accuracy of
predictions regarding system behaviour. In this study, ecological model
consists of crop, pest, and predator populations is utilised to examine
how dynamic interactions impact ecosystem stability. The model
considers pests consuming crops and predators preying on pests. This
study focuses on the dynamics of a crop-pest-predator system which
utilises two ecological models, one with and one without pest
harvesting control. The consumption rate of pests by predators serves
as the main bifurcation parameter, and both models are analysed to
determine their respective dynamics. The stability of steady states and
equilibrium points is evaluated in each model through numerical and
bifurcation analysis. Numerical and graphical analyses are applied to
explore the effects of varying consumption rates of pests on the
dynamics and stability of the system. Excessive rate of consumption
rates of pests by predators may lead to oscillatory dynamics. The model
with the pest harvesting control demonstrates a broader range of
stability, highlighting its potential to enhance the stability of the
ecological system. However, the findings also highlight the importance
of maintaining balance, as excessive control measures can disrupt the
ecosystem’s equilibrium. These insights contribute to the development
of more effective and resilient agricultural systems that optimise the
pest management strategies.

1. Introduction

Food crop production is a critical component of global food security and human health, but it continues to face
challenges from crop pests, diseases, and many environmental conditions [1]. Agricultural pests, including insects
and mites, are significant contributors to considerable declines in crop productivity, resulting in extensive
economic harm [2]. Mathematical models represent real-world ecological systems through equations that
characterise their behaviour. These models are extremely helpful for understanding complex dynamics, such as
prey-predator relationships. The Lotka-Volterra model is widely used to demonstrate systems where predators
control the prey population, such as agricultural pests [3]. The impact of crop pest populations on the yield of
valued crops has been emphasised in earlier studies [4]. In agriculture, pest control is crucial, with the prey-
predator system being a common method used to manage pest populations.
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[5] studied how changes in parameter value influence the dynamic behaviour of the crop, pest, and predator
populations. Similarly, [6] developed a prey-predator model that incorporates susceptible prey, infected prey, and
predator populations. The primary objective of their investigation was to examine the control strategies for the
management of the prey-predator system, which is primarily concerned with the reduction of the pest population.
According to previous research, [7] focused on the ecological model to investigate the interaction between pest
and predator populations.

The dynamic behaviour of ecological model is influenced by various factors. [8] found that the dynamics of
the prey-predator model are largely determined by the rate at which predators consume prey. The consumption
rate of pests by predators is the rate of the predator consuming the pests. It acts as a key variable in the stability
of the system. Pest harvesting, which involves the removal of pest from the population, is another factor that can
significantly affect the dynamics and stability of the ecosystem. Furthermore, [9] proposed a prey-predator model
with disease in pests, including optimal pesticide implementation and pest-harvesting. The impact of prey
harvesting on the Leslie-Gower pest-predator model was studied by [10].

In this study, the model proposed in previous research [8] was modified by incorporating the effects of pest
harvesting. A bifurcation analysis was conducted on two models to explore the dynamic behaviour of crop, pest
and predator populations. Bifurcation theory is the mathematical study of qualitative changes in system behaviour
as key parameters are changed, such as shifts from a stable state to an unstable state or the formation of
oscillations. This study uses mathematical software such as MATLAB and Maple to perform bifurcation analysis
to determine specific threshold values for predator consumption rate and effects of pest harvesting that influence
system stability.

2. Research Methodology

2.1 Mathematical Models

This study mainly focused on the mathematical model that consists of the interaction of crops, pests, and predators
to investigate the dynamics of a system. The model developed by [8] is considered the primary reference for
conducting the stability analysis in this study. In this study, the model in [8] is extended to consider pest harvesting
that could affect the consumption rate of pests by predators. The crop-pest-predator model without pest-
harvesting is based on the system proposed by [8]:
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where x, y, and z represent the populations of crop, pest, and predator, respectively.

In the absence of pests and harvesting, crops are presumed to grow at a logistic rate, defined by a growth rate
r and a carrying capacity k. The consumption of crops by pests is represented by a Holling Type II functional
response, which measures the rate of pest consumption of crops. This is characterised by the conservation rate L,
the half-saturation constant @, and the consumption rate of crops by pests R, which measures the efficacy of
converting consumed crops into pest biomass. Moreover, p represents the natural death rate of pests. Crop
harvesting is also included in the model, denoted by a catchability coefficient ¢, which indicates the effect of
harvesting operations and a harvesting rate, E.

The model implied that pest populations diminish as a result of predation by their predators. The predation
of pests by predators is regulated by parameters including the consumption rate of pests by predators denoted by
g; b represents the half-saturation constant, m represents the conversion efficiency of consumed pests into
predator biomass and erepresents the natural mortality rate of predators. This relationship emphasises the
importance of predation in the management of pest populations, as the dynamics of pest management and the
overall stability of the system can be significantly impacted by increased predation rates, which can considerably
reduce pest density.

Previous research has demonstrated that the presence of control variables in dynamic systems has an
essential effect on the overall stability and behaviour of the ecosystem [9] . Consequently, the pest population
equation has been modified by the incorporation of pest harvesting, which is denoted by pE into the equation (1).
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The proposed model is:
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2.2 Stability Analysis of Crop-Pest-Predator Model Without Pest Harvesting

The equilibrium points of the model are determined by using mathematical software such as MATLAB and Mabple.
The equilibrium points are obtained in each system, which include trivial equilibrium points, semi trivial
equilibrium points and interior equilibrium points. Therefore, the Jacobian matrix has been obtained to conduct
the stability analysis of the model. The Jacobian matrix for the equation (1) is:

i 2rx aRy Rx 0
r—qll — — — ——— -
K (a+x)? a+x
J(x.y.2) = _a® LRy - & 3)
o (a+x)?2 a+x (b+y)2  b+y
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The eigenvalues of the Jacobian matrix are determined by using the determinant of (Jj — AI), where 1 is the
eigenvalue and [ is the identity matrix. These eigenvalues represent the stability characteristics of the equilibrium
point and can be determined through numerical analysis.

2.3 Stability Analysis of Crop-Pest-Predator Model with Pest Harvesting

The model investigated by [8] has been modified to include pest harvesting in the pest population. The Jacobian
matrix is evaluated as in equation (4) after the equilibrium points are obtained:
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Hence, the characteristic equation of Jacobian matrix is used to examine the stability characteristics of each
equilibrium points. An equilibrium is unstable if there is at least one positive real part in the eigenvalues of the
Jacobian matrix, while it is asymptotically stable if all eigenvalues have negative real parts [11].

2.4 Bifurcation Analysis

Bifurcation analysis is a mathematical technique that examines how a dynamical behaviour of a system changes
when the key parameters are varied [11]. The consumption rate of pests by predators has been set as the
bifurcation parameter in the bifurcation analysis. This method helps identify the critical points where the system’s
stability shifts. The goal of this study is to investigate the stability of both ecological models when there is a
variation of the system’s parameter value. The consumption rate of pests by predators was chosen as the
bifurcation parameter in this analysis.
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3. Results and Discussion

3.1 Numerical Analysis

This study focused on the dynamical behaviour of both models to investigate the effects of consumption rate of
pests by predators and the pest harvesting on the models. For this analysis, we assume that the initial populations
of crops, pests, and predators are 1.2, 11, and 1 respectively. The parameter values proposed by [8] are utilised to
conduct numerical and bifurcation analysis. The set of parameter values is shown in Table 1.

Table 1 The set of parameter values from [8]

Parameter Value
2.0
5.0
0.8
0.6
0.1
0.5
5.0
5.0

0.18
0.1

0.01

M o 8 3 ® &~ ™ x

3.2 Crop-pest-predator model without pest harvesting

This study extended the analysis to determine the time series plot with different g values for the mathematical
model (1). The consumption rate of pests by predators, g served as the bifurcation parameter in the bifurcation
diagram. Therefore, the bifurcation diagrams of the system (1), as shown in Fig. 1, were generated by MATCONT.

Fig. 1 illustrates the bifurcation diagrams of model (1) with respect to the rate of consumption of pests by
predators,g. The diagrams indicate the presence of transcritical bifurcation at g =0.515 and a Hopf bifurcation
occurs at g =0.656. The equilibrium point of a model (1) may exhibit stable behaviour for 0.5 < g <0.655, but
becomes unstable when g > ().655. Hence, three different g values are chosen to simulate the time series plots of
system (1), which are g =0.51, ¢ =0.63,and g =0.90. These g values were selected to analyse the system behaviour
before the transcritical bifurcation point at g=0.515, between the transcritical bifurcation point and the Hopf
bifurcation point at g =0.656, and beyond the Hopf bifurcation point. These cases demonstrated how the crop-
pest-predator system exhibit distinct dynamic behaviour.
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Fig. 1 Bifurcation diagrams of the system (1) for (a) crops, x vs g;(b) pests, y vs g;(c) predators, z vs g

Fig. 2 represents the time series plot for system (1) with three different values of g. In Fig. 2(a), the population
dynamics of crops, pests, and predators experience slight changes before achieving equilibrium at
(x,v.z) =(1.316,11.626,0) . The predator population goes extinct due to the low consumption rate of pests by
predators, which limits their survival. The pest population starts at a high level and then stabilises at a maximum
after a slight increase. This can impact the crop population, which initially rises slightly, then declines and finally
stabilises at lower levels due to significant consumption pressure exerted by the pests.

The system undergoes minor oscillations and then reaches equilibrium at ( x,y,z) =(3.413,6.667,1.754) in
Fig. 2(b). The predator population persists, which indicates that the predators able to sustain their presence in
the system. As predators apply more pressure on pests, the pest population reduces significantly but stabilises at
a lower level compared to the previous case. The crop population experiences slight variations before stabilising
at a higher value due to a lower pest population. Therefore, the system (1) has achieved state of equilibrium in
which all three populations coexist.

Fig. 2(c) shows the populations move away from the equilibrium points, ( x,v,z) =(4.279,3.333,1.124) and
the system exhibits continuous oscillations over time. Predator populations can survive and regulate the pest
population because they consume pests at a high rate. However, the system does not stabilise at a stable
equilibrium, but instead oscillates continually because of the dynamic predator-prey interactions that
characterise behaviour beyond the Hopf bifurcation point.
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Fig. 2 Time series plots of the system (1) for (a) g=0.51;(b) g =0.63;(c) g =0.90

3.3 Crop-Pest-Predator Model with Pest Harvesting

The mathematical model developed by [8] is modified by incorporating pest harvesting control into the pest
population to investigate the dynamics of crop-pest-predator model. The bifurcation parameter of this analysis is
set to be the consumption rate of pests by predators, denoted by g. The parameter values listed in Table 2 were
used with the assumption that p=35 for this analysis. The bifurcation diagrams have been obtained using
MATCONT software.

Fig. 3 demonstrates the bifurcation diagrams of the model (2), which includes the pest harvesting controls to
the pest population with respect to the consumption rate of pests by predators, g. The bifurcation points in model
(2) occur at higher values of g compared to the previous model (1). In particular, the transcritical bifurcation
occurs at g =0.542, whereas the Hopf bifurcation occurs at g =0.790. This could indicate that the stability
thresholds are influenced by the effect of pest harvesting in the system. The presence of pest harvesting controls
appears to delay the appearance of both the transcritical and Hopf bifurcations. Therefore, the system (2)
maintains stability across a wider range of g values. The values of g=0.51, g =0.63, and g =0.90 were used to plot
the time series graphs.
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Fig. 3 Bifurcation diagrams of the system (2) for (a) crops, x vs g;(b) pests, y vs g,;(c) predators, zvs g
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Fig. 4 Time series plots of the system (2) for (a) g=0.51;(b) g=0.63;(c) g =0.90

Fig. 4 illustrates the time series plots of the system (2) with pest harvesting control, corresponding to three
distinct values of g. In Fig. 4(a) clearly demonstrates that the system experiences little changes before reaching an
equilibrium at (x,y,z) =(2.273,9.908,0) . The low rate of pest consumption, which makes it difficult for
predators to survive, causes the predator population to go extinct. Nonetheless, the crop population stabilises at
a higher level compared to the previous model, as pest harvesting effectively reduces the pest population.
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Fig. 4(b) shows that the populations of crops, pests, and predators undergo minor oscillations and converge
to an equilibrium at (x,y,z) =(3.413, 6.667, 0.828) . The dynamics of system (2) demonstrate a state of relative
stability as the populations remain close to their equilibrium points over time. Hence, the crop, pest, and predator
populations can coexist in this scenario.

Fig. 4(c) depicts that system (2) exhibits a persistent oscillations cycle with the populations moving away
from the equilibrium points, ( x,y,z) =(4.279, 3.333, 0.661) . The high consumption rate of pests by predators
effectively limits the growth of pest populations. Initially, the pest population declines and then enters a sustained
oscillatory cycle, which triggers corresponding oscillations in the crop and predator populations due to their
interactions.

4. Conclusion

This study mainly focused on the interactions between crop-pest-predator models with variable consumption
rates of pests by predators and pest harvesting. Both mathematical models were analysed using numerical and
stability techniques to explore how changes in the key parameters affect the overall system dynamics. The first
model is the system proposed by [8], while the second model incorporated pest harvesting as an additional control
measure.

The consumption rate of pests by predators, g plays a vital role in determining the stability of the crop-pest-
predator model. When g across a certain threshold, the system shows a transition from stable behaviour to
unstable behaviour. According to the results, it can be concluded that the crop-pest-predator model may become
stable up to a critical point as predators consume more pests. However, the system may become unstable if the
rate of pest consumption by predators exceeds the threshold value. Excessive pest consumption rate by predators
may contribute to an unstable state in the system.

The implementation of pest harvesting control, denoted by pE, has a significant impact on the system's
stability. When pest harvesting controls are incorporated into the model, the range of stability increases, and the
amplitude of oscillations in the populations of both pests and predators decreases. These findings provide insight
into the possibility of integrated pest management strategies.

In conclusion, the modified model (2) demonstrates a wider range of stability and delays the occurrence of
transcritical and Hopf bifurcation points. Pest harvesting improved system stability and minimised the amplitude
of oscillations in crops, pests, and predator populations. These findings help to improve the understanding of how
ecological systems respond to changes in predation rates and harvesting operations, with practical implications
for agricultural pest management.
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Appendix A: MATLAB coding

syms x vy zr k RLmgabeqgE lambda
mu = evalin(symengine, '‘u'');

eql = r*x*(l-x/k)-(R*x*y)/ (a+x) -g*E*x
eq2 = (L*R*x*y)/ (a+x)-mu*y-(g*y*z)/ (b+y)
eq3 = (m*g*y*z)/ (bt+y)-e*z

J=jacobian ([eql,eq2,eq3], [x,y,2])

sol=solve ([eql,eq2,eq3], [x,y,2]);

soll=simplify([sol.x(1l),s0l.y(l),s0l.z(1)])
sol2=simplify([sol.x(2),s0l.y(2),s01l.2(2)])
sol3=simplify([sol.x(3),s0l.y(3),s0l.2(3)1)
sold=simplify([sol.x(4),s0l.y(4),s0l.z(4)])
solb5=simplify([sol.x(5),s0l.y(5),s01l.2(5)])
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solé=simplify([sol.x(6),s0l.y(6),s0l.2(6)])

El=subs (J, [x,Vy,2z],s011l)

EEl1=El-[lambda 0 0;0 lambda 0;0 0 lambda]
det (EE1)

CharEqgl=collect (det (EE1l), lambda)
solEl=solve (CharEqgl, lambda)

E2=simplify (subs(J, [x,y,2z],s012))
EE2=E2-[lambda 0 0;0 lambda 0;0 0 lambda]
det (EE2)

CharEg3=collect (det (EE2), lambda)
solE22=simplify (solve (CharEg3, lambda))
solE2=solve (CharEq3, lambda)

E3=subs (J, [x,Vy,2],5013)

EE3=E3-[lambda 0 0;0 lambda 0;0 0 lambda]
det (EE3)

CharEg3=collect (det (EE3), lambda)
solE3=solve (CharEqg3, lambda)

Ed4=subs (J, [x,y,2z],s014)

EE4=E4-[lambda 0 0;0 lambda 0;0 0 lambda]
det (EE4)

CharEg4=collect (det (EE4), lambda)
solE4=solve (CharEqg4, lambda)

ES5=subs (J, [x,y,2],s015)

EES5=E5-[lambda 0 0;0 lambda 0;0 0 lambda]
det (EE5)

CharEgb5=collect (det (EE5), lambda)
solE5=solve (CharEqg5, lambda)

E6=subs (J, [x,y,2],5016)

EE6=E6-[lambda 0 0;0 lambda 0;0 0 lambda]
det (EE6)

CharEg6=collect (det (EE6), lambda)
solE6=solve (CharEqg6, lambda)

plotODETimeGraphValue ()

function plotODETimeGraphValue ()

r =2.0;
k = 5.0;
R = 0.8;
L =0.6;
mu = 0.1;
g = 0.51;
m = 0.5;
a =5.0;
b =5.0;
e = 0.18;
q=0.1;
E = 0.01;

function dKdt = odefun(~, K)

x = K(1);
y = K(2);
z = K(3);
dxdt = r*x* (1-x/k) - (R*x*y)/ (a+x) —~q*E*x;

dydt = (L*R*x*y)/ (a+x)-mu*y-(g*y*z)/ (b+y);
dzdt = (m*g*y*z)/ (b+y)-e*z;
dKdt = [dxdt; dydt; dzdt];

end

KO = [1.2; 11; 171;
tspan = [0 1000];
[t, sol] = ode4d5(@odefun, tspan, KO);
plot(t, sol(:, 1), '-', t, sol(:, 2), 'r--', t, sol(:, 3), 'g-.");
legend('Crop,x', 'Pest,y', 'Predator,z');
xlabel ('Time') ;
ylabel ('Population');

end
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