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Abstract : In this paper, we introduced and investigated the notions of
6—Gn—preclosed sets in grill topological space, 6—Gn—precontinuous
function and strongly 6—Gn—precontinuous function. Furthermore, we
studied the relations between the 6—Gn—precontinuous and other known
continuous function. They will be introduced in grill topological spaces by
using the Gn—preopen sets.
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Introduction

The idea of grill on a topological space, given by Choquet [2], goes as follows: A non-null
collection G of subsets of a topological spaces X is said to be a grill on X if

(AeGandAcB=B€eG

(iABcX and AUBeG = AeGorB eG.

For a topological space X, the operator @ : P (X) — P (X), given by[5]

@A) ={x e X :UN A eG, for each open neighborhood U of x},

and the operator ¥:P (X) — P (X), given by ¥(A)= AU @(A). Then there exists a unique
topology tc on X given by 1¢ = {U € X : ¥(X-U) = X-U}, such that T C 1c.

In 1968 Velicko [3] introduced the notions of #—open sets. In 1982 Mashhour [4],
introduced the notion of a precontinuous function. In 2009 Al-Omari and Noiri [1], introduced
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the notions of N—precontinuous function. In 2010 Hatir and Jafari [3], introduced the notions
of G—precontinuous function.

For a topological space (X,z) and A< X, throughout this paper, we mean CI(A) and Int(A)
the closure set and the interior set of A, respectively.

Definition 1.1. [9] Let (X,z ) be topological space and A< X. A point x € X is called
6—cluster point of A if CI(U)NA#¢ for every open set U in X containing x.

The set of all #—cluster points of A is called the #—closure set of A and denoted by
CI?(A). A subset A of topological space (X,7) is called 6—closed set in (X,7) if CI°(A)=A. The
complement of 6—closed set in (X,7) is called —open set.

Theorem 1.2. [9] Every 6—closed set in topological space (X,7) is closed set.

Definition 1.3. [9] A function f:(X,z) — (Y,p) of a topological space (X,7) into a space (Y,p)
is called 6—continuous if for each xe X and each V in Y containing f(x), there exists an
open set U in X containing x such that f(CI(U))< CI(V).

Definition 1.4. [6] A subset A of a grill topological space (X,z,G) is called a G.#~preopen
set if for each x€ A, there exists a G—preopen set Uy containing x such that Uy —A is a finite
set. The complement of G#/—preopen set is called G#/—preclosed set.

Theorem 1.5. [6] The intersection of an open set and G.#—preopen set is a G#~preopen
set.

Definition 1.6. [6] Let (X,z,G) be a grill topological space and A< X. The G.#~closure set
of A is defined as the intersection of all G.#—preclosed subsets of X containing A and is
denoted by cxCI(A). The G#~interior set of A is defined as the union of all G.#~preopen
subsets of X contained in A and is denoted by cxInt(A).

Theorem 1.7. [6] For a subset A< X of grill topological space (X,z,G), the following hold:
1. If Uis an open setin X, then cxCIl(A)NU S cxCI(ANU).
2. If Uisaclosedsetin X, then gulnt(Au U)E gulnt(A) U U.

Definition 1.8. [8] A function f:(X,7,G) — (Y,p) of a grill topological space (X,z,G) into a
topological space (Y,p) is called G.#—precontinuous if f ~/(U) is a G.#~preopen set in
(X,7,G) for every openset UinY .

Definition 1.9. [8] A function f:(X,7,G) — (Y,p) of a grill topological space (X,z,G) into a
space (Y,p) is called:

1. An almost G#~precontinuous if for each xe X and each open set V in Y containing f(x),
there is a G#/~preopen set U in (X,z,G) containing x such that f(U) < Int[CI(V)].

2. Weakly G.#~precontinuous function, if for each xe X and each open set V in Y containing
f(x), there is a G#~preopen set U in (X,z,G) containing x such that f(U)< CI(V).

The purpose of this paper is extend the notion of GV —precontinuous by giving the concept of
functions is called

6- G -precontinuous in a grill topological space.

2. 6—GN-Preclosed set
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Let (X,z,G) be grill topological space and A< X. A point xe X is called 0—G ,—precluster
point of A if cxCI(U)NA#¢ for every G,—preopen set U containing x. The set of all
6—G —precluster points of A is called the 6—G_—preclosure set of A and denoted by
asxCI°(A).

Definition 2.1. A subset A of grill topological space (X,z,G) is called 8—G_,—preclosed
set, if c4#CI’(A)=A. The complement of §—G ,—preclosed set is called 6—G_—preopen set
in (X,7,G).

Theorem 2.2. Every #-closed set in topological space (X,z) is 6—G._—preclosed set in
grill topological space (X,z,G).

Proof. Let A be a 6—closed set in a space (X,z), that is, CI’(A)=A. It is clear that Ac
s#CI’(A). We prove that cxCI°(A)S A. Let x€ cxCI?(A). Then sy CI(U)NA#¢. Since
s#Cl(U) &€ CI(U), then CI(U)NA#¢. Then xeCI?(A)=A. Hence cxCI’(A)S A. That is, A is a
6—-G —preclosed set in (X,z,G).

The converse of the last theorem no need to be true.

Example 2.3. In a grill topological space (X,z,G), where X={a,b,c}, t={ ¢,X, {a,b}} and
G={{c}, {a,c}, {b,c} X}, the set {a} is a 6—G.,—preclosed set in (X,7,G), but it is not
6—closed set in (X,z).

Theorem 2.4. Every 6—G —preclosed set is G—preclosed set.

Proof. Let (X,7,G) be a grill topological space and A be a —G_—preclosed set, that is,
sxCI?(A)=A. It is clear that A< c4CI(A). We prove that c4CI(A)S A. Let X€ c4CI(A).
Then UNA#¢. Since US cxCl(U), then cxCI(U)NA#p. Then x€ sxCI’(A)=A. Hence
e#CI(A) S A. That is, Ais a G#/~preclosed set in (X,z,G).

Theorem 2.5. For open set H in grill topological space (X,7,G), c#CI’(H)= cxCI(H).

Proof. Let x€ g4CI(H). Then for every G.#~=preopen set U in (X,z, G) containing X,
UNH#¢. Since UC cxCl(U), then cxCI(U)NH#¢. Hence xe GNCW(H). That is, c#CI(H) &
sxCIl?(H). For the other side, let x€ cx#CI?(H). Then for every G.#—preopen set U in (X,7,G)
containing X, cx#CI(U )NH#¢. Since H is open set, then by Theorem (1.7), c#CI(U)NHE
cxCI(UNH). Then ¢xCI(UNH) #¢. Hence UNH#¢. That is, x€ cxCI(H).  That is,
GNCW(H)Q GNC'(H).

Theorem 2.6. A subset U is §—G_—preopen set in grill topological space (X,z,G) if and
only if for each xeU there is G —preopen set V in (X,7,G) containing x such that c4CI(V
)SU.

Proof. Suppose that U is 6—G_—preopen set in (X,7,G) and xeU . Then x¢ X—-U=
exCll(X—U). Then there is G,—preopen set V in (X,7,G) containing x such that
sxCIl(V)N(X=U)=¢. That is, c4#CI(V)<c U.

Conversely, suppose that U is not 9—G_,—preopen set. Then X—U is not —G_—preclosed
set. That is, there is x€ cx#CI?(X—U) and x¢ X—U. Since x€U, then by the hypothesis, there
is G—preopen set V in (X,7,G) containing x such that c#CI(V) € U. This implies,
exCI(V)N(X—U)=¢ and this contradiction. Hence U is §—G_—preopen set.

3. 60—GN-Precontinuous Functions
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Definition 3.1. A function f:(X,z,G) — (Y,p) of a grill topological space (X,z,G) into a space
(Y,p) is called 6—G s—precontinuous function if for each xe X and each open set V in (Y,p)
containing f(x), there exists G.s—preopen set U in (X,z,G) containing x such that f(cxCIl(U)) <
CI(V).

Theorem 3.2. A function f:(X,7,G) — (Y,p) is 6—G_—precontinuous if and only if

o, CI7(f 1 (V)< FH(CI(V))
for every open set V in (7Y,p).

Proof. Suppose that f is 6—G.,—precontinuous. Let V be any open set in (Y,p).
Letx ¢ f “/(CI(V)). Then f(x)¢ CI(V). Then f(x)€ Y—CI(V). Since Y—CI(V) is open set in (Y,p)
and f is 8—G —precontinuous, then there exists G —preopen set U in (X,z,G) containing x
such that

f (s, CI(U)) = CI(Y —CI(V)).

This implies,
f (5. CI(U)) = CI(Y -CI(V)) = Y - Int(CI(V)).
Hence
f (s, CI(U)) N Int(CI(V)) = ¢.
Since

V =Int(V) c Int(Cl(V)),

then f(cxCIl(U))NV=¢ and so sxCI(U)NF ~!(V)=¢. Since U is G —preopen set, then xe
sxCI(f ~/(V)). Hence

o, CI(F V) FACIV))

Conversely, let xe X be any point and V be any open set in (Y,p) containing f(x). Since
VO(Y—CI(V))=¢, then f (x) & CI(Y — CI(V )). This implies, x¢ f ~//CI(Y-CI(V))]. Since
Y—CI(V) is an open set in (Y,p), then by the hypothesis,

6, CI’LT (Y -Cl(V)) 1< f[CICY -CI(W))]

Then x¢ c4CI?[f ~/(Y—CI(V))]. Hence there is G ,—preopen set U in (X,7,G) containing x such
that

6, Sl N (Y -CI(V)) = 4.
This implies, f(c4Cl(U)) < CI(V). Hence f is 6—G.—precontinuous.

Theorem 3.3. A function f:(X,7,G) — (Y,p) is 0—G.—precontinuous if and only if

6, ClIX = F H(CIW)T = X = V),

for every openset V in (Y,p).
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Proof. Suppose that f is 8—G_—precontinuous. Let V Dbe any open set in (Y,p).
Let x¢ X—f “/(V). Then f(x) € V. Since f is #—G.—precontinuous, then there exists
G.—preopen set U in (X,7,G) containing x such that f(caCI(U))< CI(V). This implies,
sxCI(U)c f ~/(CI(V)). Then

6, Cl(U) N[X = fH(CI(V))]=4..
Since U is a G_—preopen set, then x& cCI?[X—f *(CI(V))]. Hence
o, CI'IX = FH(CI(V)] = X = £ (V).

Conversely, let xe X be any point and V be any open set in (Y,p) containing f(x).
Then xe f ~/(V), that is, x¢ X—f ~/(V). Then by the hypothesis, x¢ cxCI’/X—f ~/(CI(V))]. That
is, there is G y—preopen set U in (X,7,G) containing x such that

6, CI(U) N[X — T (CI(W)] =¢.

This implies, oxCl(U)c f “/(CI(V)) and so f(caCl(U))c CI(V). Hence f s
6—G 4—precontinuous.

Theorem 3.4. For a function f:(X,7,G) — (Y,p), the following properties are equivalent:
1. fis 6—G 4—precontinuous.

2. cwCIo(f ~/(B))<c f ~(CI°(B)) for every subset BC Y.

3. f(c#CI°(A)) € CI°(f(A)) for every subset Ac X.

Proof. (1) = (2): Let B be any subset of Y. Suppose that x¢ f ~/(CI?(B)). Then f(x)& CI?(B).
Then there is an open set V in Y containing f(x) such that C/(V)NB=¢. Since f is
6—G 4—precontinuous, then there exists G ,—preopen set U in (X,7,G) containing x such that
f(caCI(U ))< CI(V). Then we have f(cwCI(U))NB=¢. This implies, cxCI(U)N £ ~/(B)=¢.
Hence x¢ cxCI/(f ~/(B)). That is,

6. CI°(f(B) = f(CI’(B).
(2) = (1): Let xe X and V be any open set in (Y,p) containing f(x). Since C{(V)N(Y—CI(V))
=¢, then f(x)g CI°(Y—CI(V)). This implies, x¢ f “/[CI°(Y—CI(V))]. Since Y-CI(V)<C Y, then
by the hypothesis,
o, CI’/LT *(Y-CI(V))] c f (CI?(Y-CI(V)).
Then x& cxCI?[f ~/(Y—CI(V))]. Hence there is G —preopen set U in (X,z,G) containing x

such that
o, ClU) N (Y -CI(V)) = 4.

This implies, f(c4Cl(U)) < CI(V). Hence f is 6—G_—precontinuous.
(2) = (3): Let A be any subset of X. Since f(A)< Y, then by the hypothesis,

6, Cl”" (A<, CIPLE(F(AD] < FCI°(F(A)].

This implies, f(s./CI°(A)) € CI(f(A)).
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(3) = (2): Let B be any subset of Y. Since f “/(B) < X, then by the hypothesis,
fls, CI” (f (BN QLT (f(B)] < CI’(B).

This implies, sxCI°(f ~/(B))< f ~/(CI?(B)).

Lemma 3.5. Let f>(X,7,G) — (Y,p) be a function. Then the following statements are
equivalent:

1. f is an almost G ,—precontinuous.
2. f /(F) is G—preclosed set in (X,z,G) for every r—closed set Fin Y,
3. f /(V) is G—preopen set in (X,z,G) for every r—open set V inY.
Proof. (1)= (2): Let F be any »—closed set in (Y,p) and

xeX —fYF)=f'Y-F).

Then Y—F is r—open and, so open set in (Y,p) containing f(x). Since f is an almost
G.~—precontinuous, then there is a G —preopen set U in (X,z,G) containing x such that

fU) < Int[CI(Y -F)]=Y —F.
This implies,
xeUc f'(Y-F)=X-f(F),
that is, X—f ~/(F) is G.4—preopen set. Hence f ~/(F) is G s—preclosed set in (X,7,G).
(2) = (3): It is trivial.

(3) = (1): Let xe X and V be any open set in (Y,p) containing f(x). Since Int(CI(V)) is r—open
set in Y containing f(x). Then by the hypothesis, U=f ~/[Int(CI(V))] is G.—preopen set in
(X,7,G) containing x and

fU)=f[f TInt(CI(V )]l Int(CI(V)).
Hence f is an almost G_,—precontinuous.
Theorem 3.6. Every almost G —precontinuous is 6—G_,—precontinuous.

Proof. Let f:(X,7,G) — (Y,p) be almost G ,—precontinuous. Let xe X be any point and V be
any open set in (Y,p) containing f(x). Since

ClI(V) =CI[Int(V)] = CI[Int(CI(V))]
and

CI[Int(Cl(V))]< CI[CI (V)] = CI (V).

then CI(V) is r—closed set in Y. Since Int(CI(V)) is r—open set in Y containing f(x) and f is
almost G ,—precontinuous, then by Lemma (3.5), U=f ~/[Int(CI(V))] is G.,—preopen set and
f “/(CI(V)) is G.,—preclosed set in (X,7,G) and

& C1U)=;, CI[f 7 [Int(CI(V))])=s, CIL T (CH(V))]= F(CI(V)).
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This implies,
(s, CI(U)) = CIV).
Hence f is 6—G_—precontinuous.

Theorem 3.7. Every §—G_—precontinuous is weakly G_—precontinuous.

Proof. Let f:(X,7,G) — (Y,p) be 6—G_—precontinuous. Let x€ X be any point and V be any
open set in (Y,p) containing f(x). Then there exists G_,—preopen set U in (X,z,G) containing
x such that f(cx#Cl(U)) < CI(V). Since

fU) < f(, CIU)) cCIV),

then f is weakly G.,—precontinuous.

Definition 3.8. A function f:(X,t,G) — (Y,p) is called strongly 6-G_—precontinuous
function if for each xeX and each open set V in (Y,p) containing f(x), there is G.4—preopen
set U in (X,7,G) containing x such that f(cx#CI(U))< V.

Theorem 3.9. A function f:(X,7,G) — (Y,p) is strongly 6—G _,—precontinuous if and only if
f ~/(V) is 6—G_—preopen set in (X,7,G) for every open set V in (Y,p).

Proof. Suppose that f is strongly 6—G.,—precontinuous. Let V be any open setin (Y,p). We
prove that X—f (V) is 6—G—preclosed set. Let x¢ X—f/(V). Then f(x)€ V. Since f is
strongly 6—G_,—precontinuous, then there exists G.,—preopen set U in (X,z,G) containing X,
such that f(cx#CI(U))<€V. This implies, c4ClI(U)< f ~/(V). Hence

GNCI(U)mX — V) =4
Since U is G —preopen, then x¢ cxCI1?(X—f ~/(V)). Hence
6, QX = (V) = X = (V).

Hence f ~/(V) is 6—G_—preopen set.

Conversely, let x be any point in X and V be any open set in (Y,p) containing f(x). Then by
the hypothesis, f ~/(V) is §—G_—preopen set, that is, X—f ~/(V) is 6—G_—preclosed set.
Since

xe X — (V) =5, Cl?(X = f(V)).
Then there is G—preopen set U in (X,7,G) containing x such that
GNCI(U)mX - f’l(\/)=¢.
This implies, f(c4Cl(U)) < V. Hence f is strongly 6—G_,—precontinuous.

Corollary 3.10. A function f:(X,7,G) — (Y,p) is strongly §—G_s—precontinuous if and only
if f /(V) is 6—G_—preclosed set in (X,7,G) for every closed set V in (Y,p).

Theorem 3.11. For a function f:(X,7,G) — (Y,p), the following properties are equivalent:
1. fis strongly 6—G_,—precontinuous.

2. f(cwCI’(A)) € CI(f(A)) for every subset Ac X.
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3. e CI(f “/(B)) < f ~/(CI(B)) for every subset BCY.

Proof. (1) = (2): Let A be any subset of X. Suppose that y¢ CI(f (A)). Then there is an open
set V in Y containing y such that f(x)=y and VNf(4)=¢. Since f is strongly
6—G 4—precontinuous, then there exists G —preopen set U in (X,7,G) containing x such that
f(caCl(U))< V. Then we have

fls, CIU) N AlC F (g, CIU)) A F(A) =4,

This implies, cwCI(U)NA=¢. Hence x& sxCI’(A). That is, y& f(c«CI’(A)). Hence
f (s, CI”(A) = CI(f (A)).

(2) = (3): Let B be any subset of Y. Since f “/(B) € X, then by the hypothesis,

fle, CI°(f (B)1<CI[F (f *(B))]<CI(B).
Hence

o, CI°(f(B) < F(CI(B)).
(3) = (1): LetV be anyopensetin (Y,p). Since Y-V isclosed setin Y and by the hypothesis,
6, CI"(X = £ (V) =g, CI”(F (Y ~V)) < f(CI(Y -V))
= £(Y V) =X - £(V)

Hence X—f ~/(V) is 6—G_—preclosed set. That is, f ~/(V) is §—G_—preopen set. Then by
Theorem (3.9), f is strongly 6—G_,—precontinuous.

Theorem 3.12. Every strongly 6—G_—precontinuous is G s—precontinuous.
Proof. From Theorem (3.9) and the fact every 6—G.,—preopen set is G y—preopen set.

Theorem 3.13. Let (Y,p) be a regular space. Then, for a function f:(X,7,G) — (Y,p), the
following properties are equivalent:

1. fis weakly G.s—precontinuous.
2. fis G—precontinuous.
3. fis strongly 6—G_s—precontinuous.

Proof. (1) = (2): Let f be weakly G ,—precontinuous. Let x be any pointin X and V be any
open set in Y containing f(x). Since Y is regular, then there is an open set M in Y containing
f(x) such that CI(M)< V. Since fis weakly G —precontinuous, then there is G_,—preopen set
U in (X,z,G) containing x such that f(U)< CI(M)< V. Hence f is G —precontinuous.

(2) = (3): Let f be G.—precontinuous. Let xe X be any point and V be any open set in Y
containing f(x). Since Y is regular, then there is an open set M in Y containing f(x) such that
CI(M)cV. Since f /(M) is G,—preopen set and f ~/(CI(M)) is G,—preclosed set in (X,7,G).
Let U=f “/(M). Then we have

6, ClU) =5, CI(f (M) <5, CI(f(CI(M))) = f *(CI(M)).

This implies,
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(6, ClUY =CIM) V.

Hence f is strongly 6—G.,—precontinuous.
(3) = (1): The proof follows immediately from the definitions.

Corollary 3.14. Let (Y,p) be a regular space. Then, for a function f:(X,7,G) — (Y,p), the
following properties are equivalent:

1. fis 6—G.—precontinuous.

2. fis an almost G.4—precontinuous.
3. fis weakly G_—precontinuous.

4. fis G—precontinuous.

5. fis strongly 6—G ,—precontinuous.
4. Conclusion

The applications of G_,—precontinuous functions is verey important in the area of mathematics,
computer sciences and other areas. The notions in this article have been developed for the last notions
in a grill topological space by giving a new concept. Moreover, they will play a significant role in
solving some mathematical problems. We suggest to study notions of §—G_,—disconnected sets,
6—G 4—connected, 6—G ,—precompact sets, and separation axioms.
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